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The concern of this paper is to investigate the structure of skew polynomial rings 
(Ore extensions) of the form T= R[O; a, 6] where a and 6 are both nontrivial, and 
in particular to analyze the prime ideals of T. The main focus is on the case that 
R is commutative noetherian. In this case, the prime ideals of T are classified, poly- 
nomial identities and Artin-Rees separation in prime factor rings are investigated, 
and cliques of prime ideals are studied. The second layer condition is proved, as 
well as boundedness of uniform ranks for the'prime factor rings corresponding to 
any clique. Further, q-skew derivations on noncommutative coefficient rings are 
introduced, and some preliminary results on contractions of prime ideals of T are 
obtained in this setting. Finally, prime ideals in quantized Weyl algebras over fields 
are analyzed. ~ 1992 Academic Press, Ir.c. 
INTRODUCTION 
The majority of previous work on skew polynomial rings T= R[O; tr, ` 5'1, 
with the notable exception of a paper of Irving [251, has concentrated on 
the two "unmixed" cases, in which either a= 1 or ,5=0. However, the 
recent surge of interest in quantum groups and quantized algebras (see, 
e.g., [14, 15, 29, 34, 38, 39,1) has brought renewed interest in general skew 
polynomial rings, due tO the fact that many of these quantized algebras and 
their representations can be expressed in terms of (iterated) skew polyno- 
mial rings. This development calls for a thorough study of skew polynomial 
rings, starting with the fundamental case in which the coefficient ring R is 
commutative noetherian. While Irving gave an extensive analysis of this 
situation, his methods did not deal with all the cases that arise. Thus 
our primary goal in this paper is to develop methods strong enough to 
handle arbitrary commutative noetherian coefficient rings. (Prime ideals in 
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R[O;a, 6] for R noncommutative noetherian are investigated in [19].) 
A secondary purpose is to initiate methods for studying the "q-skew 
derivations" that appear in the representation theory of quantized algebras, 
namely skew derivations (a, 6) such that 6a is a constant multiple of a6. 
In the case that R is commutative noetherian (and a is an auto- 
morphism), we give a complete description of the prime ideals of T in 
terms of their contractions to R. Namely, an ideal I of R is the contraction 
of a prime of T if and only if (a) 1 is a a-prime (a, ,5)-ideal of R, or (b) I 
is a 6-prime (a, 6)-ideal of R and R/I has a unique associated prime ideal, 
or (c) I is a prime ideal of R and a(I) v L L 
Keeping the above assumptions on R, we then investigate the prime fac- 
tor rings of T. Given primes P > Q in T such that P n R = Q n R, we show 
that either T/Q is a P.I. ring or else the ideal induced from P/Q in a 
suitable localization of T/Q is generated by a normal element. Building on 
this result, we prove that for any primes P > Q in T, the ideal induced from 
P/Q in a suitable localization of (T/Q)[x] contains a'nonzero AR-ideal. It 
follows that T satisfies the strong second layer condition. Further, we 
establish bounds on the uniform ranks of the prime factor rings TIP where 
P ranges over any clique of primes in Spec(T). Consequently, if T is an 
algebra over an uncountable field, then all cliques of primes in Spec(T) are 
classically localizable. 
When a prime P of T contracts to an ideal I of R satisfying either (a) 
or (c) above, the structure of TIP (after localization) is already fairly 
accessible using results from the literature. In the remaining case, we prove 
(under a mild additional hypothesis) that after localizing R at the unique 
associated prime N of R/I, the factor ring T/IT becomes isomorphic to a 
full matrix ring over an ordinary differential operator ing with coefficients 
in the quotient field of R/N. As an application, we construct characteristic 
zero examples of noetherian ring extensions R~ T such that T is a free 
R-module on each side, the subring R is an R-module direct summand of 
T on each side, and gl.dim(T) = 1 while gl.dim(R) = oo. 
The results of the previous paragraph rely in part on our more general 
work on q-skew derivations over noetherian but not necessarily com- 
mutative coefficient rings R. In this context, we show in particular that if 
6a = qat5 for a central (a, 6)-constant q which is not a root of unity, then 
for any prime P of T, the largest (a, tS)-ideal of R contained in PnR is 
necessarily a-prime. 
In the final section of the paper, we apply our results to an analysis of 
the prime ideals of the quantized Weyl algebras over a field k, namely the 
algebras Al (k ,q )=k{x ,y} / (xy -qyx-1)  for nonzero qek. In par- 
ticular, we show that whenever q :# 1, the global and Krull dimensions of 
Al(k, q) all equal-2. 
All rings in this paper are associative with unit. 
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1. GENERALITIES 
We recall some definitions and more or less well known facts about skew 
derivations and skew polynomial rings. 
A (left) skew derivation on a ring R is a pair (a, 6) where a is a ring 
endomorphism of R and 6 is a (left) a-derivation on R, that is, an additive 
map from R to itself such that 6(ab)=cr(a)6(b)+6(a)b for all a, b~R.  
LEMMA 1.1. Let (or, 6) be a skew derivation on a rhlg R. Then 
m--  ) 
6(a ' )= ~ a(a)i 6(a)a " ' -1- i  
i=0  
for all a ~ R attd m = 1, 2 ..... 
Proof This is clear when m = 1. If it holds for some m, then 
m-- I  
6(a,,+ l) = a(a) 6(a "~) + 6(a)a m = ~. a(a) i+ i 6(a)a m- 1 - i  + 6(a)a" 
i=O 
= ~. a(a)i6(a)a m-i. | 
i=0  
Given a ring R and maps a, 6: R--+ R, consider the map 4: R ~ M2(R) 
given by the rule 
Then ff is a ring homom,~rphism if and only if (a, 6) is a skew derivation 
(see, e.g., [13, pp. 66-67]). This observation provides an easy way to 
construct examples and to extend skew derivations, as follows. 
LEMMA 1.2. Let (a, 6) be a skew derivation on a rblg S, and let u, v be 
elements in a polynomial ring S ix] .  Then (a, 6) extends to a skew derivation 
on S ix ]  such that a(x)= u and 6(x)= v if and only if ua(s)=a(s)u .and 
vs -  a(s)v = (x -u )  6(s) for all s t  S. 
Proof If there exists such an extension, then for sE S we apply cr and 
6 to the equation xs = sx to get 
ua(s) = a(s)u and u6(s) + vs = a(s)v + 6(s)x, 
and from the latter equation vs -a (s )v= (x -u )6(s )  follows. 
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Conversely, assume that ,w(s) = a(s)u and vs -  a(s)v = (x -u )  6(s) for 
all s e S. It follows that the matrices 
r  s) 6(~)) and Y=(0  V) 
commute, and hence the ring homomorphism r S--* M2(S) extends to a 
ring homomorphism 
r S[x] --* Mz(S[x])  
such that r  It is clear that r satisfies a rule of the form 
where a', 6' are maps from Six]  to itself extending a, 6. Thus (a', 6') is a 
skew derivation on Six] ,  extending (a, 6), such that a ' (x )=u and 
6 ' (x )  = v. I 
LEMMA 1.3. Let (a, 6) be a skew derivation on. a rhzg R, and let X be a 
right denomhtator set h~ R such that a(X) ~_ X. Then (a, 6) extends uniquely 
to a skew derivation on RX- i .  Moreover, 
a ( rx - ' )=a(r )a (x)  -I and 6( r .v - l )=6( r )x - l -a ( rx - t )6 (x )x  -! 
for all r e R and x e X. 
Proof. It is clear that a induces a unique ring cndomorphism on RX- ' .  
Suppose that (a, 6) extends to a skew derivation on RX -I. For re  R and 
xEX,  we can apply ,5 to the equation r l - l=  ( rx- l ) (x1-1)  to get 
6(r) 1 - 1 = a(rx- 1 ) 6(x) I - ' + 6(r:r 1 )(x I - 1 ), 
whence 6( rx - l )=f ( r )x  -1 -a ( rx - l )6 (x )x  -l.  Thus if (a, 6) extends to a 
skew derivation on RX- I ,  the extension is unique and satisfies the given 
formulas. 
Composing the natural map M2(R)~M2(RX -1) with the ring 
homomorphism R ~ M2(R) obtained from a and 6, we obtain a ring 
homomorphism r R ~ M2(RX- 1) given by the rule 
qj(r)=Ia(r~l- I  ~(r) 1 -|'~ 
r l - I  ]" 
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Since a(X)~_X, we see that O(x) is invertible in M2(RX -~) for a l l lxeX;  
namely, 
(la(x) -z -la(x) -~6(x)x-') 
r = 0 Ix - '  " 
Hence, g, extends (uniquely) to a ring homomorphism r
M2(RX - l )  such that ~'( rx - t )=r162 -I for all reR  and xeX.  It is 
clear that g,' satisfies a rule of the form 
qj,, -1. fa ' ( rx - I )  cS'(rx-I)'~ 
~rx ~=~, 0 rx - '  / '  
and therefore (a', 6') is a skew derivation on RX -] extending (a, 6). II 
Given a skew derivation (a, 6) on a ring R, we denote the corresponding 
skew polynomial ring (or Ore extension) by R[O; a, 6]. This ring is a free 
left R-module with basis 1, 0, 0 2, ..., and Or= a(r)O + 6(r) for all re  R. (We 
obtain skew polynomial rings with left-hand coefficients because we are 
using left skew derivations.) To abbreviate the assertion that a symbol T is 
to stand for the skew polynomial ring RIO; a, 6] constructed from a ring 
R and a skew derivation (a, 6) on R, we just write "let T= R[O; a, 6]." 
The degree of a nonzero element e T is defined in the obvious fashion. 
Since the standard form for elements of T is with left-hand coefficients, the 
leading 6oefficient of t is t, if 
t=t,,O" + tn_l O"-~ + ... + ttO + to 
with all t ieR  and t,,r (If a is an automorphism, t can also be written 
with right-hand coefficients, but then its 0"-coefficient is a-"(t ,) .)  
While a general formula for O'r (where reR  and ne  I%1) is too involved 
to be of much use, an easy induction establishes that 
O"r=o"(r)O~+rn_lO n- l  + ... +rtO+6"(r  ) 
for some r I , . . . ,  r n_  1 E R .  
Recall that if ,r is an automorphism and R is right (left) noetherian, 
then T is right (left) noetherian (see, e.g., [13, Sect. 12.2, Theorem 3; 21, 
Theorem 1.12; 37, Theorem 1.2.9-]). 
LEMMA 1.4. Let T= RIO; o, 6] where a is an atttomorphism. Let X be a 
right denomhlator set hi R such that a (X)=X,  and extend (a, 6) to RX - l  
as hi Lemma 1.3. Then X is a right denombtator set hi T, and the identity 
map on 17.X - t  extends to an isomorphism of TX -I onto (RX-I)[O; a, 6] 
sending Ol - i to O. 
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Proof Set T~ 6], and observe that the natural map 
R -~ RX -~ extends to a ring homomorphism f: T~ T ~ such that f (0)  = 0. 
Note that f (x )  is invertible in T ~ for all x ~ X. 
Since a(X) = X, it follows by an induction on degree that for any t ~ ~ T ~ 
there exists xEY  such that t~  whence t~ =f ( t ) f (x )  - I  for some 
t e T. A similar induction shows that for any 11E ker(f), there exists x ~ Y 
such that ux = 0. 
Therefore f is a right ring of fractions for T with respect o X, whence 
X is a right denominator set in T andfextends to an isomorphism of TX-  
onto T ~ I 
Let a be an endomorphism of a ring R. For any a~R,  the rule 
6,(r) = a t -a ( r )a  defines a a-derivation 6~ on R. Any a-derivation of this 
form is ittner; all others are outer. 
LEMMA 1.5. Let T= R[O;a, 6]. 
(a) I f  a is an automorphism, then -6a  - i  is a a-l-derivation on 
R ~ attd the identity map on R ~ extends to an isomorphisol" of 
R~ - l ,  -6a  - l ]  onto T ~ sending O' to O. 
(b) Suppose that a is an hlner atttomorphism of  R, say there is a unit 
u ~ R such that a(r)= 11-Irtt for all r ~ R. Then 116 is an ordinary derivation 
on R, and the id.entity map Oll R extends to an isomorphism of RIO'; 116] 
onto T sending O' to 110. 
(c) Suppose that 6 is an hlner a-derivation, say 6=6, fo r  some a~ R. 
Then the identit), map Oll R extends to an isonlorphisnl of  RIO'; a] onto T 
sending O' to 0 -  a. 
Proof (a) It is trivial to check that -6a  -~ is a a- ' -derivation on 
R ~ Observe that T is a free right R-module with basis 1, 0, 02 ..... whence 
T ~ is a free left R~ with basis 1, 0, 02 ..... In T, we have 
rO=Oa- l ( r ) - fa - t ( r )  for all r6R ,  and so in T ~ we have Or= 
a - I ( r )O-6a- l ( r )  for all r~R.  Thus there exists an isomorphism of 
R~ a - l ,  -6a  -~] onto T ~ of the form desired. 
(b) Observe that uOr=ruO+uf(r)  for all r~R,  whence u6 is a 
derivation on R. Since also T is a free left R-module with basis 
1, u0, (ll0) 2 ..... there exists an isomorphism of RIO'; 116] onto T of the form 
desired. 
(c) Observe that (0 -a ) r=a( r ) (0 -a )  for all r~R. Since also T is 
a free left R-module with basis 1, O-a ,  (0 -a )  2 ..... there exists an 
isomorphism of R[O'; a] onto T of the form desired. | 
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We close this section with a final easy observation. Given T= RI'0; 0., 6] 
and given an ideal 1 of R such that 0.(1)~I and 6(1)~_L note that (0., iS) 
induces a skew derivation on R/l, that IT  is an ideal of T, and that 
T/ITs- (R/1)[O; 0., tS]. If o. is an automorphism, then also I T= TI. 
2. It-PRIME, 6-PRIME, AND (O', 6)-PRIME IDEALS 
In preparation for our analysis of the types of ideals that occur when a 
prime ideal of a skew polynomial ring R[O; 0., 6] is contracted to the coef- 
ficient ring R, we consider o.-prime, 6-prime, and (0., 6)-prime ideals of R. 
The main point of this section is to show that these types of ideals are not 
unrelated, at least when R is noetherian and o. is an automorphism. We 
prove that the prime radical of any (a, 6)-prime ideal of R is a-prime 
(Theorem 2.3), and that if R is commutative then every (0., 6)-prime ideal 
is either a-prime or 6-prime (Theorem 2.6). 
DEFINITION. Let Z" be a set of maps from a ring R to itselt:. A S-ideal 
of R is any ideal I of R such that 0.(I) ~_ I for all o. 9 S. A S-prhne ideal is 
any proper Z-ideal I such that whenever J, K are Z-ideals satisfying JK~ I, 
then either J _  1 or K_  L In case 0 is a X-prime ideal of R, we say that R 
is a S-prhne rhlg. Finally, R is S-shnple provided R :#0 and 0 and R are 
the only .S-ideals of R. 
In the context of a ring R equipped with a skew derivation (0., 6), we 
shall make use of the above definitions in the cases S= {0.}, Z'= {6}, or 
S= {0., 6}; we simplify the prefix Z" to 0., 6, or (a, 6) in these cases. Note 
that if o. is an automorphism and I is a o.-ideal of R, then 
1___ 0 . - I (1 )  ___ 0 . -2 (1)  ~ . . .  
and each positive power 0." induces an additive isomorphism of 
o.-n(l)/o. !-"(1) onto I/0.(I). Hence, if R has ACC on ideals it follows that 
0.(I) = L We shall use this fact often, sometimes without explicit mention. 
In [24, 25, 40], slightly stronger definitions of a-primeness are used. 
However, when o. is an automorphism and R has ACC on ideals, these 
definitions coincide with the one given above. 
LEMMA 2.1. Let o. be an automorphism of a ring R, and let I be a proper 
ideal of  R such that 0.(I)= 1. 
(a) I is o.-prime if and only if for any a, c 9 R -  1, there exist b 9 R and 
t 9 g such that abo.t(c) ~ 1. 
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(b) Assume that R is right noetherian. Then I is a-prhne if and only 
if there exist a prhne ideal P mhlhnal over I and a positive hlteger n such that 
a"(P) = P "and I=  P c~ a(P) c~ ...  n a" -  l(p). hz particular, all a-prhne ideals 
hi R are semiprhne. 
Proof (a) Assume first that I satisfies the given condition, and 
consider a-ideals A, C not contained in L Choose a ~ A-  I and c e C - I ;  
then there exist b e R and t ~ Z such that aba'(c) ~ L If t 1> 0, then a'(c) ~ C 
and we have A C ~: L If t < 0, then a - ' (a )a - ' (b )c  r a - ' ( l )=  L In this case, 
a- ' (a )eA  and again AC ~ L Thus I is a-prime. 
Conversely, suppose that I is a-prime, and consider a, c e R -  L The sets 
,,t= ~. Rai(a)R and C= ~ RaJ(c)R 
e=o j -o  
are then a-ideals not contained in /, whence A C ~ L Consequently, 
ai(a)baJ(c)~I  for some i,j~>0, and thus aa- I (b )a J - i ( c )~ l .  
(b) See [17, Remarks 4", 5", p. 338]. I 
As is well known, 6-prime noetherian rings need not be prime (e.g., 
k[x ] /x :k [x ] ,  where k is a field of characteristic 2, and 6 = d/dx). However, 
such rings are primary, and they have artinian classical quotient rings (cf. 
[16, Theorem l and Lemma 2; 31, Theorem 2.2]). We aim at an analogous 
statement for (a, 6)-prime noetherian rings (Theorem 2.3), using Jordan's 
method of proof. The following iemma will help keep the computations 
manageable. 
LEMMA 2.2. Let (a, 6) be a skew derivation opt a rhtg R, and let I be a 
a-ideal of  R. Set Io= R and I t= I ,  and for j=2 ,  3 .... set 
lj = { r ~ I [ 6a "(I)Ja m(2)--- 6amti)(r) ~ I for all i = 1 .... , j - -  1 
and m( 1 ) ..... re(i) = O, 1 .... }. 
Then each lj is a a-ideal of  R. Moreover, l l j+ l j I~_ I j+ l  for all j and 
6(l j)~_l j_ l  for  all j>O.  
"Proof Obviously a(Ij) ~_ l j fo r  all j and 6(lj) ~_ lj_ i for all j>  0. 
Certainly Io and 11 are ideals of R. Now assume, for somej>~ 1, that lj 
is an ideal. Given aEI j+l  and r~R,  we have a~l j  and so rad i i ,  whence 
~a"c l ) ~a "(2) . . . 6am(i)( r a ) ~ I 
for all i < j  and re(k)/> 0. For any re(j) >/0, we have amtJ~(a) ~lj+ 1 and so 
amtJ~(a) and 6amt~(a) are both in lj. Hence, 
t~a"'tJ)(ra ) = a re(j)+ '( r )t~a"'tJ)( a) -b t~a"(J)(r )a"(J)( a ) EIj, 
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from which we obtain 
6a'"(' )6a ''(2)... 8a"U)(ra ) e I 
for all m(l  ) ..... re ( j -  I )/> O. Thus rae I j+ i, and a similar argument shows 
that are  Ij+ !. Therefore Ij+ 1 is an ideal. 
We now have that all the Ij are a-ideals. It remains to prove that 
l l j+I j l~_l j+l  for allj. 
Certainly I I o+Io I~ I i .  Now assume, for some j>~l,  that l l j _ l+  
l j _ l l~_ l  j. Given ae land  bel j ,  we have be l j _ l  and so abel j ,  whence 
6a ''(1) 6a "'(z)... 6a"'(i)(ab) e I 
for all i < j  and re(k)>/0. For any re(j)I> 0, we have 
6a"(J)(ab) = a "'(j)+ l(a)affm(J)(b) + 8a"'(J)(a)am(J)(b) e llj_ l + RIj = lj, 
from which we obtain 
Ja'"(i )8a ''(2)... 8a"'(J)( ab ) e I 
for all re(l) ..... re ( j -1 )>/0 .  Thus abe lj, and a similar argument shows 
that bael j .  Therefore l l j+l j l~_l j+l ,  completing our second induction. I 
TIIEOREM 2.3. Let (a, 8) be a skew derivation on a right noetherian rblg 
R, with a an atttomorphism. Let N be the 'prOne radical of R. I f  R is (a, 8)- 
prime, then N is a-prhne and ((7(0)= ~q(N), whence R has a right arthffan 
classical right quotient rh:g. 
Proof Note that 0 is a a-ideal of R with nonzero right annihilator. 
Choose a a-ideal I of R maximal with respect o the property r.ann(I) :~ 0. 
If A and B are any a-ideals properly containing /, then r .ann(A)= 
r.ann(B) = 0, whence r .ann(AB)=0 and so AB r L Thus I is a-prime, and 
we shall show that N=L 
Define I o, I~ .... as in Lemma 2.2. Then Io ~- 11 - . . .  is a descending chain 
of a-ideals, and the corresponding ascending chain of right annihilators 
must stabilize. Hence, r.ann(L,,)= r.ann(l,,+ 1) for some m >0. Since lm is 
a a-ideal, we have 6(1,,) = I,,, from which we see that r.ann(l,,,) is a a-ideal. 
Consider any b~r.ann(l,,). For aelm+l ,  we have a, 8(a)el , ,  and so 
ab=8(a)b=O, whence O=8(ab)=a(a)  8(b). Thus a(I,,+l ) 8(b)=0,  from 
which we obtain 8(b)e r.ann(l,,). Therefore r.ann(l, ,) is a (a, 8)-ideal. 
If H=l.ann(r.ann(l,,)), we similarly see that H is a (a, 8)-ideal. As 
R is (a, 8)-prime, either H=0 or r.ann(Im)=0. However, r.ann(l,,)~_ 
r.ann(1) 4-0, whence H = 0 and consequently m= 0. Lemma 2.2 shows that 
I m~ - Ira, and so I" '= O. Now I___ N. Since I is a-prime and hence semiprime, 
1 = N. Therefore N is a-prime. 
Since the inclusion ca ' (0 )~(N)  holds in general (e.g., [21, Lemma 10.8; 
37, Proposition 4.1.3]), it remains to prove the reverse inclusion; that R 
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then has a right artinian classical right quotient ring is SmaU's Theorem 
(e.g., 1-21, Theorem l0.9; 37, Theorem4.1.4]). Proving the inclusion 
rg(N) ~ c6'(0) amounts to showing that R is c6'(N)-torsionfree on each side. 
Since Ira=0, it is enough to show that each of the ideal factors lj/lj+~ is 
~(N)-torsionfree on each side. Note that because a (N)=N we have 
a(fg(N))=CC(N). 
As Io/I~ = R/N, it is certainly ~(N)-torsionfree. Now assume, for some 
j>0,  that Ij_m/Ij is r6'(N)-torsionfree. Consider a~I j  and c~C(N)  such 
that ca~Ij+~. For any t~>0, we have a'(a)~Ij and 
a '+ l(c) ~a'(a) + ~a'(c)a'(a) = 6a'(ca) ~ 6a'(lj+ i) ~ lj, 
whence a'+l(c)6a'(a)~Ij.  Since a'+t(c)~rg(N) and 6a'(a)el j_ l ,  it 
follows from our induction hypothesis that actually 6a'(a)E lj. This being 
true for all t 1> 0, we find that a E Ij+~. Thus lj/lj+~ is c6~(N)-torsionfree on
the left, and similarly on the right. This completes the induction. II 
Turning to commutative rings, we first note that commutativity places 
sharp restrictions on skew derivations, as the following trivial lemma 
shows. (See, e.g., 1-12, Lemma, p. 539; 48, Lemme 3] for previous uses.) 
LEMMA 2.4. Let R be a ring with a skew derivation (a, 6). 
(a) I f  R is commutatitw, then (a - a(a)) 6(b) = (b - a(b)) 6(a) for all 
a ,b~R.  
(b) I f  there exists a central element c~ R such that a(c) is central and 
e -a (c )  is hwertible, then 6 is hmer. 
Proof (a) Applying 6 to the equation ba=ab yields 
a(b) 6(a) + 6(b)a = a(a) 6(b) + 6(a)b, 
from which the desired equation follows. 
(b) Note that the element t=c-a ( r  is a central unit. For r~R,  
applying 6 to the equation rc = cr yields 
a(r) 6(c) + ~(r)c = a(c) 6(r) + 6(c)r, 
whence u6(r) = 6(c)r - a(r) 6(c). Thus 6(r) = u-  16(c)r - a(r)u-16(c) for all 
rER. | 
LEMMA 2.5. Let (a, 6) be a skew derivation on a commutative ring R, 
with a an atttomorphism, and let J be a cr-prhue ideal of R. I f  a does not 
induce the identiO' on R/J, then ~(J)~_ J. 
Proof By assumption, ( I -a ) (R)  ~ J, and so the image of (1 -a ) (R) .R  
in R/J is thus a nonzero ideal A such that a(A)=A.  The annihilator 
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B=annR/j(A) is a o-ideal as well, and so by a-primeness B=0.  Thu's the 
image of (1- -a)(R)  in R/J has zero annihilator. In view of Lemma 2.4, 
( l  - a ) (R)  9 ,5 ( J )  = ( l  - a ) ( J )  9 ~(n)  __ .I, 
and therefore ~5(J)___ J. II 
THEOREM 2.6. Let (a, 6) be a skew derivation oll a commutative 
noetherian rhlg R, with a an atttomorphisnL l f R is (a, 6)-prhne, then R must 
be either a-prhne or 6-prhne. Moreover, if R is (a, 6)-prhne but not a-prhne, 
then R has a unique associated prhne'N, and ( I -a ) (R)~_N while 
,~(N) q~ N. 
Proof Let N be the prime radical of R. By Theorem 2.3, N is o-prime 
and R has an artinian classical quotient ring S, which of course is also 
(a, 6)-prime. Since it suffices to verify the desired conclusions for S, we may 
thus assume that R is artinian, with radical N. Moreover, we are done if 
N = 0, and so we may also assume that N:~ 0. 
Since N is nilpotent and R is (a, 6)-prime, N cannot be a (a, 6)-ideal, 
whence 6(N) r N. Lemma 2.5 then shows that a induces the identity on 
R/N, that is, (I--a)(R)~_N. Consequently, the o-prime ideal N must 
actually be prime. Thus R is local, and N is the only prime of R. 
It remains to show that R is 6-prime. Choose x E N such that 6(x)r N; 
then 6(x) is a unit. For all rER, we have 
(r - a(r)) 6(x) = (x - a(x) ) 6(r) 
and so a(r)=r+va(r),  where v=6(x) - l (a (x ) -x ) .  Thus a=l+va,  
whence all fi-ideals of R are actually (a,f)-ideals. Therefore R is 
6-prime. | 
The results of Theorem 2.6 are special to the commutative ase, as the 
following examples show. The first of these examples was independently 
constructed for another purpose by Bergman and Isaacs in answer to a 
question of Kamal: there exists a central idempotent in the skew 
polynomial ring RIO; a, 6] which does not lie in R [32, Example 6.4]. 
EXAMPLE 2.7. There is an artinian ring R with a skew derivation (a, 6) 
such that a is an automorphism, R is 6-simple but not a-prime, and R has 
two associated primes on each side. 
Proof Choose a field k and an indeterminate x. In Mz(k(x)), let a be 
the inner automorphism induced by the matrix (o o~), and let 6 be the inner 
o-derivation induced by the matrix (0 ~ %'). Then 
a(ca bd)=(d  c)  and 6(~ b)=(c"  O.  _bO_ l )  
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" t kf.~1 .~t.~l), and observe that S is for all (~ b)~M2(k(x)). Next set S= ~.,kt.~l kt~l 
closed under a and 6. Since a2= 1, the restriction of a to S is an 
automorptiism. 
If x is identified with the diagonal matrix (g .o) in S, then a(x) = x and 
6(x)=0. Hence, Sx is a (a, 6)-ideal of S, and the ring R = S/Sx inherits an 
induced skew derivation. Note that R is a 4-dimensional k-algebra, and 
that R is not semiprime, whence R is not a-prime. Note also that R has 
two maximal ideals, which appear as right and left annihilators of the 
ideals 
xkEx] xkEx]  I., (xk[x] I 
x2kex] xkex]j/~x and \xk[x] xk[x])/~x" 
Thus each maximal ideal of R is both a right and a left associated prime 
of R. 
It remains to show that R is 6-simple, that is, that Sx is a maximal 
6-ideal of S. Consider a 6-ideal I in S that properly contains Sx, and 
choose an clement u ~ I -Sx .  After multiplying u by matrices of the form 
(o~ oo), (oo ~), (o o), (oo o), then subtracting off terms from Sx and multi- 
plying by a scalar, we may asume that u equals either (o ~ g) or (o.~ oo). If 
u= (o ~), then the matrix (o o)= -600  is in I, whence the matrix (o oo)= 
(oOO o ,)(x o ~ is in I, and finally the matrix (~ ~176 o ~ is in I. Thus I=S  in 
this case, and similarly if u = (o oO). Therefore Sx is a maximal 6-ideal. | 
EXAMPLE 2.8. There is an artinian ring R with a skew derivation (a, 6) 
such that a is an automorphism and R is (a, 6)-simple but R is neither 
a-prime nor 6-prime. 
Proof Choose a field k, and let t be the "left shift" automorphism ofk 3 
given by the rule t(a,b,e)= (b,c,a). Let S=k3[x ; t ]  and T=k3[x ,x -~; t ] ,  
and extend t to automorphisms of S and T where t (x )=x.  Then set 
a = t2= t - l ,  and let 6 be the inner a-derivation on T given by the rule 
~5(t) = (0, 0, l )x-~t-a(t) (O,O,  l )x -1. 
For (a, b, c) ~ k 3 and n e Z, we compute that 
i0_ if n~0 (mod3) 
6((a,b,c)x n)= -a ,b )x  n-I if n -1  (mod3) 
c,O,b)x ~-I if n=2 (mod3). 
In particular, 6(S)___ S. 
Since a (x3)=x land  6(x3)=0, the set Sx 3 is a (a, 6)-ideal of S, and so 
the ring R = S/Sx 3 inherits an induced skew derivation. Note that R is a 
48[/150/2-6 
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9-dimensional k-algebra, and that R is not semiprime, whence R is not 
a-prime. Since 6((0, 0, l )x2)=0,  the set 
[k(0, 0, I )x z + Sx3]/Sx 3
is a niipotent 6-ideal of R, and so R is not 6-prime. 
It remains to show that R is (a, 6)-simple, that is, that Sx ~ is a maximal 
(a, 6)-ideal of S. Consider a (a, 6)-ideal I in S that properly contains Sx 3, 
and choose an element u e I -Sx  3. After multiplying u by x or x 2 if 
necessary, then subtracting off terms f~'om Sx 3, we may assume that 
u=(a,b ,  c)x 2 for some nonzero (a ,b ,c )ek  3. Next, after replacing u by 
a(u) or a2(u) if necessary, we may assume that a:/:0. Finally, after 
replacing u by (a- l ,  0,0)u, we may assume that u=( l ,0 ,0 )x  z. 
Then 6(u) = (0, -- 1, 0)x and 62(u) = (0, 0, - 1 ); whence (0, 0, 1) e L Since 
a(0, 0, 1) and az(0, 0, 1) then also belong to /, we conclude that I=  S. 
Therefore Sx 3 is a maximal (a, 6)-ideal. II 
For R, a, 6 as constructed in Example 2.8, it can be shown that the skew 
polynomial ring R[O;a, 6] is not prime. A similar example (with k 3 
replaced by k4), for which the skew polynomial ring is not even semiprime, 
is constructed in [19]. 
Example 2.8 can also be presented in a matrix form analogous to 
Example 2.7. Namely, in l~[3(k(x)) let a be the inner automorphism given 
by the rule 
(! b i)( i  0 //a b. )( 0 1 
a e O0 de  = f 0 0 , 
It 10] \g  h i I 0 
let 6 be the inner a-derivation induced by the matrix 
(o o o "i ') 0 
0 
set 
S= 
k[x] 
x2k[x] 
xk[x] 
xk[x] 
k[x] 
x2k[x] 
x2k [x]'~ 
xk[x] ~, 
k[x] / 
and let R = S/Sx. 
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3. CONTRACTIONS TO COMMUTATIVE COEFFICIENT RINGS 
In this section we concentrate on a skew polynomial ring T= R[O; a, 5] 
in the case that R is a commutative noetherian ring and tr is an 
automorphism, and we characterize those ideals I of R that can occur as 
contractions of prime ideals of T; that is, we determine the ideals of the 
form PnR where PeSpec(T).  For this case, our results extend and com- 
plete work of Irving [25"1, who considered the case that R is commutative 
but not necessarily noetherian and cr is not necessarily an automorphism. 
In a few places, we reproduce short portions of his arguments in order to 
make our presentation smoother. In several other places, modifications of 
his methods provide key steps to our approach. 
We now state the main theorem of this section, which will be proved via 
a number of subsidiary results. 
THEOREM 3.1. Let T= R[O; a, 5] where R is a commutative noetherian 
rhtg attd tr is an atttomorphism. 
(I) I f  P is a prhne ideal of T and I = P c~ R, then one of the followhtg 
cases nlltSt hold: 
(a) I is a (a, 6)-prhne ideal of R. hz this case, either 
(i) I is a a-prhne (tr, 6)-ideal of R, or 
(ii) l . i s  a 6-prhne (a,f)-ideal of R and R/I has a unique 
associated prhne ideal, wh&h contahl (1 - a )( R ). 
(b) I is a prhne ideal of R attd tr(I) ~ L 
(II) Com'ersely, if  I is any ideal of R satisfying (a) or (b), then 
I=PnR for some prhne ideal P of T. More specifically, ht case (a), 
IT~Spec(T),  while ht case (b), :ttere exists a unique P~Spec(T) such that 
P c~ R = I, and TIP is a commutatit, e domaht. 
Convention. For all skew derivations (a, 5) considered in this section, 
we assume that a is an automorphism. (This assumption will be used in all 
results except Lemma 3.8.) 
LEMMA 3.2. Let T= R[O; a, 5]. Suppose that for all nonzero a, b ~ R 
there exists a nonnegative fltteger n such that either aRan(b)vLO or 
aR6n(b) ~ O. Then T is a prflne ring. 
Proof. If not, T contains nonzero ideals A and B such that AB=O. 
Without loss of generality, A = l.ann(Bl and B = r.ann(A). 
Choose a nonzero element u~A with minimal degree m and leading 
coefficient u,,. We claim that a-" ' (u, , )~A, that is, a -" (u , , , )B=0.  To see 
this, it is enough to show that tT-m(Itm)C=O where C=r.ann(u). If 
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a-m(u, , )Cr O, choose v e C with a .... (u,,)v ~ O, with minimal degree n for 
this possibility, and with leading coefficient v,,. Since v ~ C, we have uv = 0 
and so 'lmar"(v,,)=O, whence deg(uvn)<m. Then by minimality of m we 
obtain uv ,=0,  and hence u(v-v,O")=O. Now v-v,O" is an element of C 
with degree less than n, whence a-"(u, ,)(v-v,O")=O. However, since 
un, a ' (v , )=O we also have a-'(Ur,)v,=O and so a-'(u,,,)v=O, contra- 
dicting our choice of v. Thus a- ' (u, , )  ~ A, as claimed. 
In particular, A c~ R :/: 0, and a symmetric argument shows that B c~ R ~ 0. 
Choose nonzero elements a EA c~R and b~BtaR.  By hypothesis, there 
exist a nonnegative integer tz and an element r~R such that either 
ara"(b) -r 0 or arf"(b) ~ O. If n = 0 then arb ~ O, while if n > 0 then 
arO"b = ara"(b )O" + [intermediate t rms] + ar6"(b )~ O. 
In either case this contradicts the assumption that AB= 0. Therefore T is 
prime. II 
The o-prime case of the following proposition was proved by Irving [25, 
Theorem 2.2]. This case also holds with a noncommutative coefficient ring 
[5, Proposition 2.1]. However, the general case does not hold for arbitrary 
noncommutative noetherian coefficient rings, as shown by examples 
in [19]. 
PROPOSITION 3.3. Let T= R[O; a, 6] where R is comnnttatit, e noetherian. 
I f  l is a (a, 6)-prhne ideal of R, then IT is a prhne ideal ofT. 
Proof. Since T/IT-~-(R/I)[O;a, 6], there is no loss of generality in 
assuming that 1= 0. By Lemma 3.2, it is enough to show that given any 
nonzero a,b~R, there exists a nonnegative integer n such that either 
aa"(b) vLO or a6"(b)r According to Theorem 2.6, either R is a-prime or 
R is 6-prime with a unique associated prime ideal. 
. . . .  b 'R  Assume first that R is a-prime. Set B=2_.,_o a t ) , and observe that B 
is a nonzero a-ideal of R. Then a (B)=B and so ann(B) is a o-ideal, 
whence ann(B)=0 by o-primeness. Consequently, aBv~O, and thus 
aa"(b) v ~ 0 for some n >~ 0. 
Now assume that R is 6-prime, and that R has a unique associated prime 
N. Then N equals the prime radical of R and R is ~(N)-torsionfree. Set 
- -  oo  r t  B-~. ,=oR6 (b), and observe that B is a nonzero 6-ideal of R. By 
6-primeness, B cannot be nilpotent, whence B ~ N, and so Bc~C6'(N) is 
nonempty. As R is c6'(N)-torsionfree, we conclude that aBv~O, and 
therefore a6"(b) ~ 0 for some n >/. 0. I 
LEMMA 3.4. Let T=R[O;a],  let P~Spec(T),  and let I=Pc~R. I fO~P 
then I is prhne, while if 0 ~ P then a(l) = I and I is a-prime. 
Proof. See [17, Lemmas 1.2, 1.3]. l 
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DEFINITION. Given an automorphism a on a ring R and an ideal I in R, 
set 
cg"(I) = c6'%(I) = {a E R [ a~(a) ~ c6'(I) for all i~ 7/}. 
Then c6'"(I) is the largest multiplicative set X~_ c6'(I) satisfying a(X)= X.  
PROPOSITION 3.5. Let T= R[O; a, 6] where R is comnmtative noetherian, 
and let I be a prime of R such that a(l) # L 
(a) Let x be an indeterminate, and extend (a s 6) to a skew derivation 
on R[x ]  suck that a (x )=x and 6(x)=0.  Let X=cC~ set 
R~ R[x]X  -I  and T~ T[x]X  -t ,  and ideniify T ~ with R~ a, 6]. Then 
there exists b e R ~ such that 6 = 6b on R ~ 
(b) There exists a unique prhne P in T such that P ca R = I. Moreover, 
T/P is a commutative domain, and PT  ~ = IR ~ + (0 - b) T ~ 
Proof We are relying on Lemma 1.2 to extend (a, 6) to R[x] ,  and on 
Lemma 1.4 to see that X is a denominator set in T[x]  and that T ~ is 
naturally isomorphic to R~ a, 6]. 
(a) Since g(1)#l ,  we have cr(1) ~ land  hence (1 -a ) (R)  ~ I. Then 
(1 -a ) (R)  ~ ~( I )  for all lET/. Choose c o ..... c, eR  such that the elements 
Co- a(Co) ..... c.  - a(c.)  generate the ideal (1 - a)('R)- R. Then 
{Co-O'(eo) ..... c,,--o'(cn)} ~ o'i(I) 
for all iE2r. Setting C=Co+C,X+. . .+c ,x  ~, we see that c -~(c )EX,  
whence c-~r(c) becomes invertible in R ~ Thus, by Lemma 2.4, 6 is inner 
on R ~ 
(b) By Lemma 1.5, we may identify T ~ with R~176 where 
O~ 
Observe that P~176176 ~ is an ideal of T ~ such that P~176 ~ 
and 
T~ ~ ~ R~ ~ ~- (R[x ] / l [x ] )  X - I .  
Thus P~ is prime and T~ ~ is a commutative domain. If P is the contrac- 
tion of P~ to T, then P is a prime of T such that P ca R = I and TIP is a 
commutative domain. 
Now consider any prime Q in T such that Q ca R = L Then Q[x]  is a 
prime of T[x]  such that Q[x]  caR[x]  =l[x ] ,  whence Q[x]  is disjoint 
from X. Consequently, the ideal QT~ -1 is a prime of T ~ such 
that QT~176 ~ Since cr( l )#l ,  we have a( IR~ ~ and so 
Lemma3.4 shows that O~ ~ As QT~176 ~ it follows that 
QT~ IR ~ +0~176 P~ Therefore Q= P, proving that P is unique, and 
that PT  ~ = P~ = IR  ~ + O~ ~ 1 
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Propositions 3.3 and 3.5 prove part (II) of Theorem 3.1. In proving part 
(I), we distinguish between cases where 6 becomes inner or outer after 
suitable localization; in the former case we can reduce to the situation that 
6 = 0 and apply Lemma 3.4. 
The following lemma was proved by Irving in case char(R) is either zero 
or at least as large as the number of minimal primes of R [25, Proposi- 
tion 2.4-1. 
LEMMA 3.6. Let R be a commutative noetherian rhzg with an attto- 
morphism a such that a # 1 and R is a-pri'me. I f  R is not isomorphic to a 
direct product of an odd number of copies of  ~/2~, there exists c ~ R such 
that c -  a(c) is regular. 
Proof. If R is a domain, just choose any c~R such that a(c )#c .  
Now assume that R is not a domain. Since R is o-prime, there exist a 
minimal prime P in R and a positive integer n such that an(P )=P 
and Pna(P)c~ ... na" - l (p )=0;  in particular, R is semiprime and the 
minimal primes of R are P, a(P) ..... a~-l(P).  We may assume that 
a~(P) # P for i=  1 ..... n - 1. As R is not a domain, n >/2. 
Set B=a(P)c~ ... c~a~-~(P), and note that B:/=0. Observe that given 
any nonzero elements bi~a~(B) for i=0  ..... n -  1, the sum bo+ --- +bn_ 
is not in any minimal prime and so is regfilar. 
If n is even, choose a nonzero element b E B and set 
c=b+a2(b)+a4(b)+ ... +a"-2(b) .  
Then e-a(e )=b-a(b)+a2(b) -a3(b)+ ... +o~-2(b) -a" - l (b ) ,  and the 
observation of the previous paragraph shows that c -o (c )  is regular. 
If n is odd, and if there exist distinct nonzero elements b, b' E B, set 
e=b+o2(b)+o4(b)+ ... +o" -3 (b)+a- I (b ' ) .  
Then c - a(c) = (b - b') - o(b) + a2(b) - a3(b)+ ... +a~-3(b) - 
o"-2(b) + a- l (b') .  Since b-b '  is a nonzero element of B and a- I (b  ') is 
a nonzero element of o"-t (B) ,  we again see that c -o (c )  is regular. 
Finally, suppose that n is odd and that B contains just one nonzero 
element e. Since R is semiprime, BZ4-0, whence e2=e. Then e, 
o(e) ..... o ~- t(e) are pairwise orthogonal idempotents, and so the element 
f=e+a(e)+ ... +a~- l (e )  
is an idempotent. On the other hand, f i s  regular by our observation above, 
and so f= 1. For i=0  ..... n - l ,  the set {0, a;(e)} equals the ideal a~(B), 
whence o~(e)R= {0, a~(e)}. But then o~(e)R~-~_/2~_ as rings, and thus 
R=(7//27/)' ,  contradicting our hypotheses. Therefore the lemma is 
proved. II 
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LEMMA 3.7. Let R be a commutative arth~ian rhtg with an atttomorphisn~ 
a such that a ~ 1 attd R is a-prhne. Then any a-derivation 6 on R is hmer. 
Proof If R is not isomorphic to a direct product of copies of the field 
k= Z/2Z, then by Lemma 3.6 there exists c~ R such c -a (c )  is regular. 
Since R is artinian, c -  a(c) must be invertible, and then Lemma 2.4 shows 
that 6 is inner. 
Now assume that R = k" for some positive integer n, and observe that a 
and 6 must be k-linear. Since a:~-1, we have n> 1. Let e~ ..... e, be the 
primitive idempotents in R. The ee must be permuted by a, and due to our 
a-primeness assumption a must act transitively on them. Thus after 
renumbering we may assume that a(ei)= et+~ for all i, where we interpret 
indices modulo n. 
For all i, observe that 6(e l )  = 6(e~) = e i+ 16(ei) + 6(e~)e, whence 6(e i )  = 
a~e~ + b~ei+ ~ for some ai, b,.~ k. Also, 
0 = 6 (e,e a+ l ) = el + l 6(ei+ i ) + 6(ei) ei + i = (at + i + bi) ei  + I, 
whence a~+~+b,.=0. Thus 6(ei)=a~ei--ai+lel+l for all L Setting 
d=a~e~+ . . .+a ,e , , ,  we conclude that de~-a(ei)d=6(e~) for all i. 
Therefore 6 is inner in this case also. | 
LEMMA 3.8. Let T=R[O;  a, 6], and let Q be all ideal of  R. 
(a) 6(QG(Q) ...am(Q))~_ tr (Q)a2(Q). . .a"(Q) for all m= 1, 2 ..... 
(b) Qa(Q) . . .a ' (Q)O" '~_TQfor  a l lm=O,  1 ..... 
Proof (a) First, 6(Qa(Q))~_a(Q)6a(Q)+6(Q)a(Q)~_a(Q).  
inclusion holds for some m, then 
6(Qa(Q). . .  a m+ i(Q)) ___ a(Qa(Q) . . ,  a ' (Q) ) fa  m+ i(a) 
+ 6(aa(o) . . .  a"'(Q))a m+ t(O) 
~ a(Q)a2(Q). . ,  a,,+ i(Q). 
If the 
(b) Obviously QO ~ ~ TQ and Qa(Q)O ~ Q[OQ + 6(Q)] _ TQ. If the 
inclusion holds for some m > 0, then using (a) we see that 
aa(Q) . . .a" '+ l (a )o  "'+1 
= Q[a(Qa(Q) . . .  a"'(Q))O] 0"' 
Q[OQa(Q ) ... am(Q) + 6(Qa(Q) ... am(Q))] 0"' 
[TQa(Q) . . .a" (Q)+ Qa(Q) . . .a ' (Q) ]O '~ TQ. | 
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LEMMA 3.9 (cf. [25, Proposition 4.3 and Corollary 4.4]). Let T= 
R[O; a, 6] where R is noetherian. Let P~Spec(T), set I= Pc~ R, and let Q 
be an annihilator prhne of R(R/I). 
(a) Qa(Q)...am(Q) ~l for some nonnegative integer m. 
(b) l f  Qj is any amtihilator prime of R(R/I), then Qx = a / (Q) f  or some 
nonnegative #lteger j. 
l f  R is commutative, then all annihilator prhnes of R/I are m&hnal (c) 
over L 
Proof (a) There is a left ideal A > I such that Q = ann ~(A/I). Set 
B= {bET] Qa(Q) . . .a i (Q)b~P for some i~>0}, 
and observe that B is a right ideal of T. Lemma 3.8 shows that 
aa(Q)...ai(Q)ROiA ~ TQA ~_ TI ~ P 
for all i~>0, and hence TA~B.  Since T is noctherian, B. is finitely 
generated, and so there exists m/> 0 such that Qa(Q)... a"'(Q)B ~ P. Thus 
Qa(Q). . .a" ' (Q)TA~P,  whence Qa(Q). . .a ' (Q)~_P (because A ~ P), 
and therefore Qa(Q)... a"(Q) ~_ L 
(b) Since l~Qi ,  it follows from (a) that aJ(Q)~_Q, for some 
jE {0, ..., m}. By symmetry, ak(Qi)___ Q for some k ~> 0, and so aJ+k(Qj)~_ 
aJ(Q) ~_ Q~. Since R is noetherian and a j+k is an automorphism, we must 
have aJ+k(Ql)= Ql, and thus aJ(O)= QI. 
(c) Choose a prime QI ~ Q which is minimal over L Since R is com- 
mutative, Q~ is an associated prime of R/l, and hence an annihilator prime. 
By (b), QI =a/(Q)  for some j>_-0, whence a/(Q)~_Q, and consequently 
Q=aJ(Q)= Q~. Thus Q is minimal over L and similarly all annihilator 
primes of R/I are minimal over L II 
PROPOSITION 3.10. Let T = R[O; a, 6] where R is commutative 
noetherian. Let P e Spec(T), set I = P c~ R, and assume that I is neither prhne 
nor a-prime. Then R]I has a unique associated prime Q, attd (1 -a)(R)~_ Q. 
Proof Let H be the largest (a, 6)-ideal contained in L After factoring 
H and HT out of R and T, we may assume that H= 0. Since ~"(I) is a 
denominator set in R such that a(~q~(I))= if"(1) and ~"(I) is disjoint from 
P, we may localize with respect o c6'"(I). Thus there is no loss of generality 
in assuming that all elements of ~"(I)  are invertible in R. 
If 6 is inner, then using I~emma 1.5 we may assume that J = 0. But then 
Lemma 3.4 shows that I is either prime or o-prime, contradicting our 
hypotheses. Therefore 6 must be outer. 
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Let N be the prime radical of L According to Lemma 3.9, all annihilator 
primes of R/I are minimal over L whence ~( I )= c6'(N). Choose a prime Q 
minimal over L Since all primes minimal over I are annihilator primes of 
R/1, Lemma 3.9 shows that the primes minimal over I are among Q, 
a(Q), a2(Q) ..... In particular, 
~"(Q) = ('] ~(a'(Q)) ~_ ~K(N) = ~(I), 
IEZ 
and so ~~ c~qo(1). Thus all elements of c6'"(Q).are invertible in R. 
We next claim that if a"(Q) = Q for some n > 0, then a(Q) = Q. Suppose 
not. 
Set J= Q c~ a(Q) c~ ... c~ a m- l(Q), and observe that J is a a-prime ideal 
of R. Since a(Q)#Q we also have ( l -a ) (R)~ J, and so Lemma2.5 
shows that 6(J)GJ. Hence, JT=TJ.  Since a"(Q)=Q, we see that 
J~_ ai(Q) for all i, whence J is contained in all the primes minimal over L 
and so J'___ I for some t ~> 0. Now (JT)' = J 'T~ ITG P, yielding J T~ P 
and J~L  Since J is a (a, 6)-ideal, we must have J=0.  As a result, R is 
semiprime and all the ai(Q) .are minimal primes of R, whefice 
~R(0) ~ ~"(Q). Thus all elements of ~R(0) are invertible in R, and so R is 
artinian. However, since R is a-prime and a ~ 1, Lemma 3.7 now says that 
3 is inner, a contradiction. This verifies the claim: 
If Q~ is a prime minimal over I but distinct from Q, Lemma 3.9 shows 
that QI=aJ(Q) and Q=ak(Ql) for somej,  k>0.  Then a j+k (Q)=Q but 
a(Q) ~ Q, contradicting the claim just established. Therefore Q is the only 
prime minimal over L Hence, Q = N, and by Lemma 3.9 Q is the unique 
associated prime of R/L 
A final use of Lemma3.9 yields Qa(Q). . .a" '(Q)~I for some m~>0. 
Since I is not prime, Q ~/ ,  and so there is some je  {1 ..... m} such that 
aJ(Q) is disjoint from c6'(I). As ~(I)=~q(N)=~(Q), we obtain aJ(Q)~Q 
and so aJ(Q)= Q. Thus a(Q)= Q by the claim established above. 
Now ff(Q)=~6'"(Q), and so all elements of .c6'(Q) are invertible in R. 
Since 6 is not inner, we conclude from Lemma 2.4 that (1 -a ) (R)  is dis- 
joint from c6'(Q), and therefore (1 -a) (R)~_Q.  I 
The case of Proposition 3.10 in which R ~ Q and the associated primes 
of I are all assumed to have the same height is contained in [25, 
Theorems 4.1, 4.2]; however, the proof of the second of these theorems 
appears to be incomplete. 
PROPOSITION 3.11. Let T = RIO; a, 6] where R is comnnttative 
noetherian, let P E Spec(T), and set I= P n R. Assume that R/I has a unique 
associated prhne Q, and that (I -a)(R)~_ Q. Then I is a (a, 6)-ideal, and 1 
is the largest f-ideal contahled hi Q. 
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Proof Assume first that 6(Q)~Q. Then Q is a (a, 6)-ideal, and so 
QT= TQ. Since Q"~ I for some m >/0, it follows that (QT) m ~_ ITs_ P, 
whence QT~_ P and so Q ~ L Thus in this case 1= Q and we are done. 
Now assume there exists c~ Q such that 6(c)r Q. Since Q is the unique 
associated prime of R]L we have c6'(Q) = c6'(1), and so 6(c)~(I) .  
Suppose there exists a ~ I such that 6(a)r L Since Q]I is nilpotent, the 
annihilator of Q in R/I is essential in R/L and so there exists r e R such that 
r3(a)r while Qr6(a)~_L Note that a-~(r)a~I and that 
6(a-t(r)a)=r3(a)+6a-I(r)a~r6(a) (mod I), 
whence 6(a-l(r)a)r and Q3(a-t(r)a)~L Thus, after replacing a by 
a - t ( r )a ,  we may assume that Q6(a)~ L By Lemma 2.4, 
(a -- a(a)) 6(c) = (c - a(c)) 6(a) ~ Q6(a) _ I. 
Since 6(c)c~(I), it follows that a-a(a )cL  and so a(a)cL But now 
a, a(a)c P and so 6(a)= Oa- a(a)O ~ P, contradicting the assumption that 
6(a) q~- l. 
Thus 6(1) -  L For any b c L we now have 
(b -  a(b)) 6(c) = (c -  a(c)) 6(b) c I, 
whence b.- a(b) c L and so a(b) ~ L Therefore I is a (a, 6)-ideal. 
Finally, consider any 3-ideal J___ Q. Let K/J be the ~(Q)-torsion ideal of 
R/J, and note that Kcc. Q. For any acK, there exists d~Cg(Q) such that 
da~J. Then a(d)~C(Q) and 
a(d) 6(a) + 6(d)a = 6(da) ~ J, 
whence da(d)6(a)~J and so 6(a)eK. Thus K is a 6-ideal. Since R/K is 
~(Q)-torsionfree, it follows as in the previous paragraph that K is actually 
a (a, 6)-ideal, whence KT= TK. Moreover, K' ~ I for some t/> 0, and so 
(KT)'~IT~_ P. Then KT~_ P and K_  L Therefore I is the largest 6-ideal 
contained in Q. I 
Proof of Theorem 3.1. As we have already noted, Propositions 3.3 and 
3.5 prove part (II). 
Now consider any Pc  Spec(T), and set I=  P c~ R. 
Assume first that I is a a-prime ideal. For any a c L we have a, a(a) ~ P 
and so 6(a)=Oa-a(a)OcP, whence 6(a)~L Thus I is a (a, 3)-ideal, 
whence I is (a, 6)-prime and (a) holds. Assume next that I is a prime ideal. 
If a(1)=L then I is a-prime, and by the previous case, (a) holds. 
Otherwise, a(1)# 1 and (b) holds. 
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If I is neither prime nor a-prime, Propositions 3.10 and 3.11 show that 
I is a (a, ~5)-ideal, that 17/1 has a unique associated prime Q, and that I is 
the largest- 6-ideal contained in Q. It follows that I is (a, ~)-prime, and 
again (a) holds. 
Finally, i f / i s  (a, 6)-prime, then Theorem 2.6 shows that either (i) or (ii) 
holds. I 
We close this section with an example illustrating the three types of 
ideals occurring in Theorem 3.1. (This example is a "quantized Weyl 
algebra" A ~ (k, - 1 ); see Section 8 for a more detailed iscussion of primes 
in such algebras.) 
Let R be a polynomial ring k[x]  where k is an algebraically closed field 
of characteristic different from 2, and let a be the k-algebra utomorphism 
of R sending x to -x .  In view of Lemma 1.2, there is a k-linear 
a-derivation ~5 on R such that ~(x)= 1. Note that 6(x 2) = a(x)+ x = O. 
(a)(i) The a-prime (a, 6)-ideals of R consist of 0 together with the 
ideals (x 2 -  ct2)R for nonzero 0t ek. 
(a)(ii) There is just one 6-prime (a, ,~)-ideal I in R for which R/1 has 
a unique associated prime and that associated prime contains (1 -a) (R) ,  
namely, I = x2R. 
(b) The primes of R not invariant under a are the maximal ideals 
(x--~z)R for nonzero ~ek.  
4. FACTORS SATISFYING POLYNOMIAL IDENTITIES 
We continue to investigate a skew polynomial ring T= R[O; a, 6] where 
R is commutative noetherian and a is an automorphism, aiming toward 
conditions guaranteeing that certain prime factors of T satisfy polynomial 
identities. The main theorem of the section says that whenever P and Q are 
distinct comparable primes of T with the same contraction in R, then TIP 
and T/Q are "usually" P.I. More precisely: 
THEOREM 4.1. Let T=R[O; a, 6] where R is commutatire noetherian 
and a is an atttomorphism. Let P > Q be comparable prhne ideals of T, and 
suppose that P n R = Q c~ R = L Then I is a (a, 6)-ideal, Q = IT, and one of 
the followhtg holds: 
(a) T/Q is a P.I. ring. 
(b) TIP is commutative, and the prhne ideal (P/Q)~R(I) -I in 
(T/Q)~R(1) - l  is-generated by a normal element of the form O-a ,  where 
a E (R/I)~R(I) - i .  
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Convention. For all skew derivations (a, 6) considered in this section, 
we assume that (r is an atttomorphism. (This assumption will be used in all 
results except Lemma 4.4.) 
The assumption in Theorem 4.1 that two primes of T contract o I rules 
out case (b) of Theorem 3.1. Of the two cases of Theorem 3.1(a), case (i) 
is easier to handle, and so we treat it first. 
Tt~EOREM 4.2. Let T= RIO; a, 6] where R is commutative noetherian. 
Let I be a a-prime (a, 6)-ideal of R such tTlat (1 -a ) (R)  ~ L and suppose 
there exist prhne ideals P > Q hi T such that P c~ R = Q n R = L 
(a) Q = IT. 
(b) I f  TIP is not commutative, then the atttomorphism hlduced by a on 
R]I has finite order, and T/Q is a P.L rhlg. 
(c) I f  TIP is commutative, then (P/Q)~CR(1) -1 is generated in 
(T[Q)~CR(1) - l by a normal element of the form O-a, for some 
at  (R/ I )%(I)  -I 
Proof We may assume that I=0, and that all elements of ~R(0) are 
invertible in R. Since R is a-prime and hence semiprime, it follows that R 
is now artinian. By Lemma 3.7, 6 = 6,, for some a ~ R. Using Lemma 1.5, we 
see that after replacing 0 by 0 -a  we may assume that ,5 = 0. 
(a) Since R is artinian, K.dim(T) = 1 (e.g., [37, Proposition 6.5.4]), 
and so T cannot contain a chain of three distinct primes. On the other 
hand, 0 is a prime of T (Proposition 3.3), and hence Q = 0. 
(b) Since TIP is not commutative, O~P, and so [24, Theorem4.3] 
shows that a has finite order, say n. Then R[O"] is a commutative subring 
of T, and T is finitely generated as a right or left R[0"]-module, whence 
T is P.I. 
(c) Choose r (~ R such that a(r)r r, and so a ( r ) - r  ~ P. Since TIP is 
commutative, (a(r)-  r)O ~ P, and hence 0 ~ ~(P). As 0 is a normal element, 
it follows that 0e  P, and therefore P = OT (because P n R = 0). II 
The analog of Theorem 4.2 for the case that (1 -a) (R)c_ l  is a 
consequence of the following standard result. 
TtlEOREB, I 4.3. Let T= RIO; 6] where R is afield. If T is not shnple, then 
T is a finitel)' generated module over a central subrblg of the form k[u],  
where k is the subfieM of 6-constants of R, attd hence T is a P.L rhzg. 
Proof If char(R)=0,  then 6=0 (e.g., [37, Theorem 1.8.4]), and so T 
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itself has the form k[u].  Now assume that char (R)=p>0.  In this case, 
there exist elements ao ..... a,_ ~ in k such that 
6e"+ a,,_ 16."-' + ... +alfP+ao6=O 
(e.g., [30, Theorem 4.1.6; 36, Theorem 4]), and consequently the element 
u=O~'+a,_lOp"-'+ ... +a~OP +ao 0 
is central in T. Moreover, since R satisfies a nontrivial homogeneous linear 
differential equation over k, it follows from [1, Theorem 1] (or [20, 
Proposition 2.1]) that dimk(R)< oo. Therefore T is module-finite over the 
central subring k[u].  II 
In treating the case corresponding to Theorem 3.1(a)(ii), we shall of 
course again factor out I and localize with respect o c6'(I). Then we will be 
in the case that R is artinian local, say with maximal ideal M, and 
(1 -a ) (R)  ~_ M. By 6-primeness, any nonzero 6-ideal of R is nonnilpotent 
and so contains a unit. Thus R is actually 6-simple in this case. In these cir- 
cumstances, we shall prove that T is module-finite over a subring which is 
isomorphic to an ordinary differential operator ing over R/M, after which 
we can proceed as in Theorem 4.3. 
LEMMA 4.4. Let (a, 6) be a skew derivation on a rhlg R, and let M be a 
left ideal of R. Set Mo = R, and set 
Mj= {re R l 6'(r)e M for all i=O, 1 ..... j - -1} 
for j = 1, 2 ..... Then each Mj is a left ideal of R. I f  also M is a a-ideal of 
R, then MMj ~_ Mj + i for allj. 
Proof Since Mo= R and M~ = M, they are certainly left ideals of R. 
Now assume, for some j~>l, that Mj is a left ideal. Given reR  and 
aeMj+l ,  observe that aeMj  and so raeMj,  whence 6~(ra)eM for all 
i<j. Since a, 6(a)eMj, we also have 
6(ra) = a(r) 6(a) + 6(r)a e M i 
and so 6J(ra)eM, whence raeMj+l.  Thus Mj+ l is a left ideal. 
Now assume that M is a g-ideal. Obviously MMo~ M~. Suppose, for 
some j~>0, that MMj~Mj+I .  Given aeM and beAIj+~, observe that 
since b e.Mj we have abeMj+ i and hence 6~(ab)e M for all i<~j. Also, 
J(ab) = a(a) 6(b) + 6(a)b e MMj + RMj+ ~ = Mj+ 1, 
and so 6 j+ l(ab) e 114, whence abe Mj+ 2. Therefore MAIj+ 1 ~ AIj+ 2" I 
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LEMMA 4.5. Let R be a commutative rhzg with a skew derivation (a, 6), 
and let M be a maximal ideal of R such that a(M) ~_ M. Define Mo, M! .... 
as iiz Lemma 4.4. For all j = I, 2 ..... either Mj = Ms+ ~ or else MJMj+ , 
RIM and 6 induces an additive isomorphism of MJMj+l  onto Mj_ ~/Ms. 
Proof Note that M~=M~_I n6-1(M~_~) for all i>0 .  Hence, for each 
j>  0 we see that 6 induces an additive embedding 
D" h61h'[J +1 ~ h[ j _11h6.  
For all r E R and a E hl  s, we have 
~(ra)=a(r )6(a)+6(r )a -o( r )6(a)  (mod Ms), 
whence f j ( rb)=a(r) f j (b)  for all r~R and b~MjlMj+I .  Since a is an 
automorphism, it follows that f j  of any submodule of MJMj+ i is a sub- 
module of Mj_ I IM j. In particular, whenever M s_ IIMj is simple and f j  is 
nonzero, f j  will be an additive isomorphism and MJMj+I will be simple. 
Now consider an index j for which h i  s ~ hls+ i. If j=  I, then M s_ I /M s = 
R/M, while if j>  1 we may assume by induction that Mj_ IIMs~ RIM. In 
either case, Mj_  II.M'j is simple, whence f j  is an isomorphism and Ms~Ms+ i 
is simple. By Lemma 4.5, hI(hIjihlj+1)=O, and therefore MjlMs+I_ -'~- 
R/M. ! 
PROPOSITION 4.6. Let T= RIO; a, 6] where R is commutative, arthtian, 
local, and" 6-simple. Let M be the maxhnal ideal of R, and assume that 
(1 - a ) (R)  =_ M.  
(a) T~ M,(S)  where t = length(R) and S= Endr(T/MT). 
(b) There exist a derivation 6' on R/M and a subring S' c S such that 
S'~- (R]M)[O'; 6'] and S is a finitely generated left S'-module. 
Proof Since there is nothing to prove if M=0,  assume that M:,~0, 
whence t >~ 2. By 6-simplicity, there exists a ~ M such that 6(a) q~ M. Then 
6(a) is a unit, and the dement  v= 6(a) -I (a (a ) -a )  lies in M because 
( I -a ) (R)~_M.  For any r~R,  we have 
(r -- a(r)) 6(a) = (a - a(a)) 6(r) 
by Lemma 2.4, whence a(r) - r = v6(r). Thus a = 1 + v6. 
(a) Define Mo, MI .... as in Lemma 4.4, and observe that v6(Mj)~ 
MMj~Mj  for all j>0 .  Since a= 1 +vr it follows that all the hfj are 
a-ideals. The descending chain Mo~M ~2. . .  must stop at some stage; 
say s is the first index such that M,=M,+ I. Then M~ is a 6-ideal, and 
consequently M,  = 0. By Lemma 4.5, MJMj+ ~ ~- R/M for all j = 0 ..... s - 1, 
whence s = length(R) = t. 
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Now Lemma 4.5 also shows that 6 ' - i  induces an additive isomorphism 
of M,_~ onto R/M, and so there exists zeM,_~ such that 6 ' - I ( z )  = 1 
(mod M). Note that Mz = 0 and M,_  ~ = Rz. We claim that 
i 
O~z e ~ M,_ ,  _jO ~-j 
j=O 
for all i=  O, ..., t -  1. This is clear in case i = O. If the claim holds for some 
i<t -  1, then 
i i 
0 t+ ~z ~ ~. OMt_ ~ _jO ~-j ~- ~ (M,_ ~ _jO + M,_  2-j)  O~-j 
j=O j=O 
i+1 
~, Alt- l - j  Oi+ I - j ,  
j -O  
because a (Mt_  ,_ / )  = -Mr_ l - j  and 6(M',_ i - j )  --- M,-2-j. This verifies the 
claim. 
The case i=  t -  I of this claim yields 
Ot-- l z  ~-- Z t_  l Ot-- I -dt- Z t_  2Ot-- 2 -{~ . . .  di- 20 
with z je  hlj for each j. Thus zjE M for all j>  0. A'lso, Zo = 6 ' -  I(z), whence 
Zo-  1 ~ M, and so 0 ' -  tz- -  1 ~ MT. Since zhl  = 0, we obtain zO r- ~z = z. 
Therefore the element e = zOt-~ is an idempotent such that eT= zT. 
For j = 0 ..... t - 1, we have 
MjT[Mj+ , T'~ (MJM/+ ,) |  T~-- (R /M) |  T ~- Mr_,  | R T 
~Mt_ IT=zT=eT.  
Since these modules are all projective, TrY-(eT)' ,  and hence T~-M,(eTe).  
As eT ~- T/MT, we also have eTe~-S, and therfore T~-M,(S) .  
(b) Let U be the idealizer o f _MT in  T, so that MT~_U~_T and 
U/MT'~ S. Since R ___ U and R c~ MT= M, the set K = (R + MT) /MT is a 
subring of U/MT and K~ RIM. As T is not artinian, neither is S nor 
U/MT, and so U/MTCK,  that is, U#R+MT.  
Choose an element ue  U-(R+MT)  of minimal degree n. Then n>0 
and the leading coefficient u, of u is not in M. Since u~-~ e R ~ U, we have 
lt~IItE U. Hence, there is no loss of generality in assuming that u ,= 1. 
Given any r e R, we have ur - ru  ~ U and 
ur-- ru = (a'(r) - r)O" + [lower terms]. 
Since (1 -a) (R)~_-M,  we also have a" ( r ) -  r ~ M, and hence it follows from 
the minimality of n that ur -  ru ~ R + MT. Thus [u, R]  ~_ R + MT. 
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If w = u + MT, then [w, K |  _~ K. Hence, [w, - ] induces a derivation 8' 
on K, and the set IV= K+ Kw + Kwh+ ... is a subring of U/MT. Observing 
that l, w,**,2 .... are left linearly independent over K, we see that 
IY~ K[0'; 8']. Thus it suffices to show that U/MT is a finitely generated 
left W-module. Now T/MT is a left W-module, and it is clear that it is 
generated by 1, 0 + MT, .... 0"- l _~ MT. Since iV is noetherian, we conclude 
that U/MT is a finitely generated left IV-module, as desired. | 
We shall see later that in the situation of Proposition 4.6, T is often 
(perhaps always) isomorphic to M,((R/M)[O'; 8'])  for some derivation 6' 
on RIM (Theorem 7.7 and Corollary 7.8). 
THEOREM 4.7. Let T=R[O;a,  8] where R is commutative, artillia~l, 
local, and 8-simple. Let M be the maximal ideal of R, and assume that 
(I - tr)(R) ~_ l~L I f  T is not a shnple ring, then it is a finitel)' generated left 
module over a comm,~tative noetheriwz subring, and hence is a P.L ring. 
Proof Note from Proposition 3.3 that T is a prime ring. Let X be the 
multiplicative set of monic elements of T. By [42, Proposition 2.2 and 
Theorem 2.4] (or [37, Proposition 7.9.3 and Theorem 7.9.4]), X is an Ore 
set in Tand K .d im(TX- l )= K.dim(R)=0. Thus TX - l  is a simple artinian 
ring. 
By assumption, T contains a proper'nonzero ideal L Since TX -~ is 
simple and X consists of regular elements, I must contain an element of X, 
whence T/I is finitely generated as a right or left R-module. Thus T/I is a 
P.I. ring. 
In view of Proposition 4.6, T is finitely generated as a left module over 
a subring S' which is isomorphic to K[O'; 6'] where K= RIM and 8' is a 
derivation on K. If S' is simple, it embeds in T/I and so is P.I. But then S' 
is artinian by Kaplansky's Theorem, which gives a contradiction. Thus, S' 
is not simple. By Theorem 4.3, S' is module-finite over a central subring 
k[u],  where/,- is the subfield of 6'-constants of K. Therefore T is a finitely 
generated left module over k[u].  II 
Proof of Theorem 4.1. Since two distinct primes of T contract o I, we 
cannot be in case (b) of Theorem 3.1. Consequently, I is a (a, 8)-ideal of R 
and IT  is a prime ideal of T. Hence, we may assume that I=  0 and that T 
is a prime ring. We may also assume that all elements of e#R(0) are 
invertible in R. 
Suppose first that R is tr-prime. As in the proof of Theorem 4.2(a), it 
follows that R is artinian and that Q--0.  If tr =~ l, Theorem 4.2 gives the 
desired conclusions. If a= l, then R must be a field, and in this case 
Theorem 4.3 shows that T is a P.I. ring. 
Now suppose that R is not a-prime. By Theorem 3.1, R is 8-prime, R has 
a unique associated prime M, and (1 -a ) (R)~_M.  Since M is the unique 
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associated prime of R, we have c6'(0) = c6'(M), and hence R is artinian local 
with M as its maximal ideal. It now follows from ,5-primeness that R 
is actually" 6-simple. Therefore Theorem4.7 says that T is a P.I. ring. 
Moreover, since R is artinian we may use the argument of Theorem 4.2(a) 
once again to conclude that Q = 0. II 
5. CLIQUES AND LOCALIZABILITY 
Building on the P.I. results of the previous section, we study cliques of 
primes in skew polynomial ring of the type T= RIO; o, 6] we have been 
considering. We show that cliques in Spec(T) have bounded uniform rank, 
and that 7" satisfies the strong second layer condition. (See, e.g., [21, 28, 
37] for definitions of links, cliques, the second layer conditions, and 
localizability.) These conditions have strong effects on the ideal theory of 
T (see e.g., [11; 21, Chapter 12; 35]). Moreover, it follows that if R 
contains an uncountable subfield k over which tr and 6 are linear, then all 
cliques of primes in T are classically localizable. 
TIIEOREM 5.1. Let T=R[O; tr, 6] where R is comnnttatit:e noetherian 
and a is an atttomorphism. 
(a) T satisfies the right attd left strong second layer conditions. 
(b) I f  X is a clique of prhne ideals ht T, then there exists a positive 
hlteger b such that rank(T/P) <~ b for all P E X. 
(c) Assunte that R contahls an uncountable subfield k such that a and 
6 are k-lhzear. Then all cliques ofprhne ideals hi T are classically localizable. 
Convention. For all skew derivations (a, 6) considered in this section, 
we assume that tr is an atttomorphism. 
To obtain the second layer condition, we follow the method used by Bell 
[7, Theorem 7.3] and Sigurdsson [44, Proposition 2.4] to prove this for 
various differential operator ings. Namely, given comparable primes P > Q 
i.n T, we show that after possibly adjoining a central indeterminate and 
then localizing with respect o a suitable Ore set, we can separate P from 
Q by an AR-ideal. 
LEMMA 5.2. " Let T= RIO; or, 6] where R is commutative noetherian. I l l  
is a (~, 6)-ideal of R, then IT is an AR-ideal ofT. 
Proof (This is" exactly analogous to [7, Lemma7.1].) Let x be an 
indeterminate and identify T[x] with R[x][O; tr, tS] where (a, 6) has been 
451/150/2-7 
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extended to R[x]  with a(x) = x and 6(x) = 0. Observe that I z, 13 .... are all 
(a, 6)-ideals, whence the Rees ring 
~( I )  = ~ IL~: j~  _ R[x]  
j=O 
is closed under a and 6. In particular, a restricts to an automorphism of 
..~'(I). Moreover, IT= TI and so (1T) i= I JT  for all j>~0. It follows that 
Yt(1)[O;a,f]=~l( IT) .  Since R is commutat ive noetherian, ~'( I )  is 
noetherian, and then Yt(IT) is noetherian:Therefore IT  is an AR-ideal (see, 
e.g., [6, Lemma6.1]  or [21, Lemma 11.12]). II 
PROPOSITION 5.3. Let T= R[O; a, b] where R is commutative noetherian. 
Let P > Q be primes of T, set I = P n R, and assume that a(1) = L Then one 
of the followhlg holds: 
(a) hi T/Q the ideal P]Q contains a nonzero AR-ideal. 
(b) TIP is commutative, and hi (T/Q)CCR(1) - 1 the ideal (P/Q)~R(I ) - l  
is generated by a normal element of the form 0-  b, where b is the image of 
some element from R~R(I)- i .  
Proof If Q c~ R =/ ,  then Theorem 4:1 shows that either T/Q is a P.I. 
ring or else (b) holds. In case T/Q is P.I., the ideal P/Q must contain a 
nonzero central element c (e.g., [37, Theorem 13.6.4]), and e generates a
nonzero AR-ideal. 
Now suppose that Q n R :~/, whence IT  r Q. Since a(1) = I, case (b) of 
Theorem 3.1 is ruled out, and so I is a (a, 6)-ideal. By Lemma 5.2, IT  is an 
AR-ideal of T, and therefore ( IT+ Q)/Q is a nonzero AR-ideal of T/Q. | 
PROPOSITION 5.4. Let T= R[O; a, 6] where R is commutative noetherian. 
Let P > Q be prhnes of T, set I = P n R, and assume that a(1) # L Let x be 
an hldeterminate, and set X-~m:x: j ( l [x] ) .  Then h~ (T [x ] /Q[x] )X  -I  the 
ideal (P [x ] /Q[x] )X  - l  contahts a nonzero normal element of the form 
O-b ,  where b is the bnage of some element from R[x]X  -I. 
Proof By Theorem 3.1, I i s  a prime of R. Let R ~ and T ~ be as in 
Proposit ion3.5, and use Lemmal .5  to identify T ~ with R~ 
In particular, O-b  is a normal element of T ~ , and O-bePT  ~ by 
Proposit ion 3.5. 
If T/Q is commutative, any nonzero element of (P [x ] /Q[x] )X  - l  of the 
form O-b '  will do. Thus we may assume that T/Q is noncommutat ive.  
Now 7"~ - b) T ~ is commutat ive while T~ ~ is not, and so 0 - b q~ QT ~ 
Therefore-the image of O-b  in T~ ~ is a nonzero normal element 
contained in PT~ ~ | 
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Proof of Theorem 5.1(a). By symmetry (Lemma 1.5(a)), it is enough to 
prove the right strong second layer condition. If that fails, then by [21, 
Proposition 11.3] there exist a finitely generated uniform right T-module 
M with an affiliated series 0< U< M and corresponding affiliated primes 
P, Q such that P> Q and MQ=0.  Note that since M/Uis a faithful (T/Q)- 
module, annr(M) = Q. Also, U is essential in M because M is uniform. 
Set I=PnR.  Suppose first that TIP is noncommutative. Then 
Theorem 3.1 says that tr(l)= I, whence by Proposition 5.3 there exists an 
ideal J in T such that P~_J> Q and J/Q has the .fiR-property. Since M is 
a finitely generated (T/Q)-module with an essential submodule U 
annihilated by J/Q, it follows that M(J/Q)"= 0 for some n >0 (see, e.g., 
[21, Lemma 11.11] or [37, Theorem 4.2.2]). But then J "~annr (M)=Q,  
which is impossible. 
Thus TIP must be commutative. Since U is a fully faithful (T/P)-module, 
it must be torsionfree. 
~r 9 Z o Let x be an indeterminate, l t X=C~Rtxl(I[.x]), and set = T[x]X  -~. 
Since X is disjoint from P[x] and Q[x], the extensions PT ~ and QT ~ are 
primes of T ~ Moreover, X~_c6'(P[x]) (e.g., [8, Lemma2.1] or [21, 
Lemma9.21]), from which we infer that U[x] is X-torsionfree. Observe 
that U[x] is essential in M[x] as T-modules, and hence also as T[x]- 
modules. Consequently, Mix]  is X-torsionfree. Now if U ~ = U[x] X-~ and 
M~ Mix]  X-I ,  then U ~ is an essential T~ of M ~ and M ~ is 
a faithful (T~176 
By either Proposition 5.3 or 5.4, the ideal PT~ ~ in T~176 
a nonzero AR-ideal. However, since U~176 this leads to a contra- 
diction as in the case that TIP is noncommutative. 
Therefore the strong second layer condition holds in T. | 
LEMMA 5.5. Let T= RIO; a, 6] where R is commutative noetherian, and 
let P, Q be disthlct prhnes of T such that either P-~ Q or Q ~ P. 
(a) l f  a( P n R ) r P n R, then either tr( P n R ) = Q n R or tr( Q n R ) = 
P n R; hi part&ular, a(Q n R) r Q n R. 
(b) I f  PnR is a (tr, 6)-ideal, then PnR=QnR.  
Proof By symmetry, we need only prove the case that P.,~ Q. Then T 
contains an ideal A such that P nQ>A~_PQ and the bimodule 
B=(PnQ) /A  is torsionfree as a left (T/P)-module and as a right 
( T/Q )-module. 
(a) Set I=PnR,  and recall fr'~m Theorem 3.1 that / i s  prime. Let X, 
R ~ T ~ b be as in Proposition 3.5, and use Lemma 1.5 to identify T ~ with 
R~176 where O~ Then PT~176 +O~ ~ and PT~ nR~ ~ 
Note that the natural map R/ I~ R~ ~ is injective. 
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Observe that (P [x ]  n Q[x] ) /A [x ]  ~- T[x]  |  B as left T[x]-modules, 
whence (P [x ]nQ[x] ) /A [x ]  is torsionfree on the left over T[x] /P [x ] .  
Similarly, it is torsionfree on the right over T[x] /Q[x ] ,  and so 
P[x]  -~ a [x ]  in T[x].  
Since X is a denominator set in T[x]  disjoint from P[x] ,  we must have 
Xc_C6'(P[x]) (e.g., [8, Lemma 2.1; 21, Lemma 9.21]), and then it follows 
from the link P[x]~,Q[x]  that X~C~(Q[x] )  (e.g., [28, Theorem 5.4.5; 
21, Lemma 12.17]). Now PT ~ and QT ~ are primes of T ~ and the link 
P[x]  ~, Q[x]  localizes to a link PT~ QT ~ (e.g., [28, Theorem 5.4.4; 21, 
Exercise 1 IS]). 
In T ~ the element 0 ~ is normal, and so O~ ~ is an AR-ideal. Moreover, 
O~176 ~ and so it follows from the link PT~ ~ that O~176 ~ 
(e.g., [28, Proposition 5.3.9; 21, Proposition 11.16]). Thus QT~176176 ~ 
where jo= QTOn R o. Set J=  QnR,  and observe that the natural map 
R/J  ~ R~ ~ ~ T~ ~ 
can be factored as a composition of embeddings 
R/ J~ T/Q--* T [x ] /Q[x ]  --* T~ ~ 
Consequently, the natural map R/J--* R~ ~ is injective. 
Because of the link PT  ~ ~ QT ~ there is an ideal A ~ in T ~ such that 
PT  ~ nQT ~ A ~176 ~ 
and the bimodule (PT~ QT~ ~ is torsionfree on the left over T~ ~ 
and on the right over T~ ~ (Actually we could take A~176 Since 
PT~176 ~ and QT~176 ~ are distinct primes in the commutative ring 
T~176 ~ they cannot be linked, and so O~ ~ ~ A ~ Thus if D = 0~176 A ~ 
the bimodule O~176 is nonzero. As O~176 embeds in (PT~ QT~ ~ 
it must be torsionfree over T~ ~ on the left and over T~ ~ on the 
right, whence 
l.annro(O~176 = PT  ~ and r.annro(O~176 = QT ~ 
For reR  ~ we have (O~176 if and only if O~ if and only if 
a(r)O ~ ~ D, if and only if a(r)(O~176 = 0. Thus 
IRO= PT~ n R~176 nR~176 
Since the natural maps R/ I -~R~ ~ and R/ J~ R~ ~ are injective, we 
conclude that I=  a(J), that is, Pn  R=a(QnR) .  
(b) Since a(PnR)=PnR,  it follows from (a) that a(QnR)= 
QnR,  and then Theorem3.1 shows that QnR is a (a, 6)-ideal. By 
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Lemma 5.2, (P c~ R) T and (Q c~ R) T are AR-ideals of T. It follows from the 
link P-~,Q that (PnR)T~Q and (QAR)T~_P (e.g., [28, Proposition 
5.3.9; 21, Proposition 11.16]), and therefore Pc~R=Qc~R. | 
Proof of Theorem 5.1(b), (c). (b) Since this is obvious if X is finite, 
assume that X is infinite. Choose a prime P eX, and set I=PnR.  If 
a(1) ~ I, then by Lemma 5.5, a(Q n R) ~ Q c~ R for all Q ~ X. In this case, 
Theorem 3.1 shows that T/Q is commutative for all QeX, and so we have 
the bound b= 1. 
Now assume that a(1) = L By Theorem 3.1, I is a (a, 6)-ideal, and then 
Lemma 5.5 shows that Q c~ R = I for all Q e X. In this case, it will suffice to 
show that T/IT is a P.I. ring, since the ranks of the prime factors in a P.I. 
ring are bounded by the P.I. degree (see, e.g., [41, Proof of Theorem, 
p. 180; 43, Theorem 6.1.30]). 
Suppose that I is a-prime. If S is the classical quotient ring of R/l, then 
S[O; a, 6] is a prime ring containing infinitely many nonzero prime ideals 
that contract to 0 in S. In case a:r on S, Lemma 3.7 shows that 6 is 
inner, and so S[O; a, 6] ~-S[O; a]. Then by [24, Theorem 4.3], a must 
have finite order on S, whence S[O; a] is P.I. and consequently T/IT is P.I. 
On the other hand, if a = 1 on S, theft S is a field and S[O; a, 6] = S[O; 6]. 
Then S[O; 6] is P.I. by Theorem 4.3, and again T/IT is P.I. 
If I is not a-prime, then by Theorem 3.1, I is 6-prime, R/I has a unique 
associated prime.211, and (1 - a)(R) ~_ 211. Then R/I has an artinian local 
classical quotient ring S, with maximal ideal MS, the ring S is 6-simple, 
and ( I -a)(S)=_MS. Since S[O;a, 6] has infinitely many prime ideals, 
Theorem 4.7 shows that S[O; a, 5] is P.I. Therefore T/IT is P.I. in this case 
also. 
(c) Note that T is a k-algebra. Since we have the second layer condi- 
tion and bounded ranks for the prime factors corresponding to any clique, 
the classical iocalizability follows from [45, Proposition4.5] or [47, 
Lemma l(iii) and Theorem 8] (see also [28, Theorem 7.2.15]). II 
Following Bell [7, Proposition7.10], we can in particular use 
Theorem 5.1 to obtain a dimension inequality for skew polynomial rings as 
follows. 
COROLLARY 5.6. Let T= R[Oi a, 6] where R is colnmutative noetherian 
(and a is all autontorphisnO. Asstlme that R contahls all uncountable subfield 
k such that a and 6 are k-linear. If  gi.dim(T) is finite, then cl.K.dim(T)~< 
gl.dim(T). 
Proof. See Theorem 5.1 and [10, Theorem 8]. II 
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6. QUANTIZED DERIVATIONS 
Recent work on "quantized analogs" of many standard algebras has 
revived interest in general skew polynomial extensions, since many of 
these quantized algebras can be represented as (iterated) skew polynomial 
rings. One basic example is the quantized IVeyl algebra A~(k, q) over a 
field k: this is the k-algebra generated by elements x, y subject to the 
sole relation xy-qyx  = I, where q is some nonzero element of k (see, e.g., 
[15, 34, 39]). (See also the end of Section 8 for a competing class of 
quantized Weyl algebras.) Just as the ordinary Weyl algebra is a differen- 
tial operator ing over a polynomial ring, A~(k, q) is a skew polynomial 
ring k[y] [x ;  a, 6], where a is the k-algebra utomorphism of k [y ]  such 
that o.(y)= qy, and 6 is the (unique) k-linear a-derivation on k [y ]  such 
that 6(.t')= 1. A special feature of this skew derivation (a, 6) is that 
&r = qa~, as can be quickly checked using Lemma 1.1 (cf. Lemma 8.1 and 
[15, Proposition 1.1 ]). 
An example with similar features occurs in the representation theory of 
the "q-enveloping algebra" Uq(sl2(C)) (see [14, 29]). This is a C-algebra 
with generators E, F, K, K-~ such that KE= q2EK and KF= q-2Fh', while 
EF--FE= (K 2 -  K-2)/(q 2 -  q-2). (Here q is any nonzero complex number 
which is not a root of unity.) Let /~ be the skew polynomial ring 
C[y][x;  3] where ~ is the C-algebra automorphism of C[y]  satisfying 
~O,)=q2y, and let tr be the C-algebra automorphism of R satisfying 
a(x) = q.~ and a(y)=q-~y. (The algebra R is known as the "coordinate 
ring of the quantum plane.") Then there exist unique C-linear 
tr2-derivations 6~ and 62 on R such that 6~(x)=0 and 6~()')=x while 
62(x)=y and 62(y) =0, and R can be made into a module over  Uq(sl2(C)) 
on which E acts as 6~o.-~ and F as 62o. -I, while K acts as tr (see [38, 
Theorem 4.3]). In this example, 6~ o-2= q-4a26~ and ~52tr 2= q4o-2~2 (cf. [38, 
Example 2.2]). 
We anticipate that just as ordinary derivations play a key role in the 
representation theory of enveloping algebras, skew derivations (o-, 6) for 
which &r is a constant multiple of tr~ will play a corresponding role in the 
representation theory of q-enveloping algebras. Hence, we propose to use 
the term q-skew derivation for such skew derivations, and we will 
investigate the corresponding q-skew differential operator hlgs. 
Our purpose in this section is only to initiate the analysis of q-skew dif- 
ferential operator ings, partly to illustrate the computational dvantages 
of q-skew derivations over arbitrary skew derivations, and partly to 
prepare for some computations in q-skew differential operator ings that 
arise in studying skew polynomial rings with commutative artinian local 
,~-simple coefficients, in the following section. We shall also give a detailed 
analysis of prime ideals in quantized Weyl algebras in Section 8. For a 
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study o f  prime ideals in general noetherian q-skew differential operator 
rings, see [19]. 
DEFINITION. Let (Ix, f)  be a skew derivation on a ring R. A (a, 6)- 
constant is any element q e R such that a(q)= q and 6(q)= 0. (The set of 
all (a, 3)-constants forms a unital subring of R, but we shall not need this 
observation.) By a (left) q-skew derivation on R we shall mean a triple 
(a, 6, q) such that (a, iS) is a (left) skew derivation, q is a central (tr, ~5)- 
constant in R, and 6a = qtr3. Of course if q is already specified, we refer to 
the pair (a, 6) itself as a q-skew derivation. 
The main computational dvantage of a q-skew derivation (a, t5, q) over 
an arbitrary skew derivation is the existence of formulas uch as a q-analog 
of Leibniz's Rule (Lemma 6.2), in which ordinary binomial coefficients are 
replaced by some q-analog binomial coefficients. These latter coefficients 
are best described as evaluations of Gaussian polynomials, as follows. 
DEFINITION. Let t be indeterminate. For integers n~>m~>O, the 
t-binomial coefficient or Gaussian polynomial (,~,), is the rational function 
defined as 
n )  (t"-- I)(t  ~- ' -  l ) . . . ( t ' - -  1) 
m ,=( t " - - l ) ( t " - t - -1 ) . . . ( t - - l ) ( l  . . . .  - - l ) ( t  . . . . .  t - -  1 ) - - - ( t - -  1)" 
The numerator and denominator each contain n factors of t -1 .  
Eliminating these, we obtain an alternate formula 
( , I )=  (n!), 
m , (m!),((n-m)l) , '  
where ( f i ) ,=( t J - t+t J -2+. . .+ l ) (d -2+d-3+ . . .+ l ) . . . ( t+ l ) ( l )  for 
j>0  and (0!),= I. 
LEMMA 6.1. (a) For all flltegers n>~m~>0, the t-binomial coefficient 
(,,",), is a polynondal fll t with nomwgative integer coefficients. 
n __  n (b) (o) , -  (,), = I for all n >10. 
n n - -  In - -  m{ n - -  I ~ { n - -  I ~ .~  m n - -  I (c) (t,,),=( , , ,t) ,+. , , , - t ) ,  ~ .... I,t t ( , , , ) , fo ra l ln>m>O.  
Proof. See I-2, p. 35; 46, p. 26]. II 
DEFINITION. Let q be an element in a ring R. For all integers n>/m >/0, 
the q-bhtomial coefficient (,~,)~ in R is just the evaluation of the polynomial 
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(",), at t = q. In particular, it is immediate from the second of our de]]ning 
formulas for (",), that (~)l in 7/equals the ordinary binomial coefficient (",). 
~Ve can now give the following q-Leibniz Rides for q-skew derivations. 
LEMMA 6.2. Let (a, 8, q) be a q-skew derivation oil a rhzg R, and let 
T= R[O; a, 8]. 
(a) 6"(ab)= ZT=o (7)qa"-*b~(a)6"-*(b) for alia, b~ R and n =0, 1 ..... 
(b) O"a-ET.=o ~ " - ' '  " - -  ( i )qa  8 (a)O -t  for all a~ R and n=O, l ..... 
Proof. (a) For n=0 this is clear, while for n= 1, this is just the 
definition of a a-derivation. If the rule holds for some n, then using 
kemma 6.1(c) we compute that 
6 "+ '(ab) = 66"(ab) 
i=okt /q  
= ~ ( ,1)[ f fn+,_ iS i (a,6,+,_, (b)+q,_ ian_i81+,(a)Sn_i(b)  ] 
i=o i q 
= a,,+ l (a)  6 "+ I(b) + 6 "+ I(a)b 
+ ,=~" [(n)i q + q"+ '-" (t" n) ]  an+l-'8'(a,8~+'-'(b)l q 
= ~ n . 1 a.+l_i6i(a) 6~+l_,(b)" 
i=0  q 
(b) This is proved in the same fashion. II 
The q-Leibniz Rules allow us to obtain analogs for a number of standard 
results about ordinary derivations. We are particularly concerned with the 
result that 8-prime noetherian rings in characteristic zero are necessarily 
prime (e.g., 1-16, Corollary to Lemma 2; 31, Lemma 2.1 and Theorem 2.2; 
20, Corollary 1.4-1). An analog for a q-skew derivation (a, 8, q) is that if q 
is not a root of unity, a (a, 8)-prime noetherian ring is necessarily a-prime 
(Proposition 6.5). We start with a corollary of Lemma 2.2. 
LEMMA 6.3. Let (a, 6, q) be a q-skew derivation on a ring R, and let I be 
a a-ideal of R. Set Io = R, set 
l j= {re R I61(r)e l fora l l i=O, . . . , j -  1} 
for j=  I, 2 .... , and set J=  {re R I 61(r)e l for all i=0,  1 .... }. Then each lj is 
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a a-Meal of R, while J is a (a, 6)-ideal and is the largest 6-Meal contahled 
in L Moreover, if a - I ( I )= I  and q~7(1),  then a - t ( l j )= l j fo r  all j and 
a-  i ( j )  = .]" 
Proof Observe that if r~R and 3;(r )~l  for some i~>0, then 
jar,,(l )~5a,,,(2)... 6am(i)(r) = q,,(t) + 2,,,(2)+--. +im(i)am(I)+ m{2)+ - - -  + "(')3i(r) ~ I 
for all re(l) ..... m(i)>~0. Hence, the sets lj are the same as those in 
Lemma 2.2, from which we see that each lj is a a-ideal and that J is a 
(a, 3)-ideal. It is clear that J is the largest f-ideal contained in L 
Now assume that a-~(I)  = / and that q ~ c6'(I). Obviously a-t( Io)  = Io, 
and we have just proved that l j~a- I ( l j )  for all j. If a~a- I ( l j )  for some 
j> 0, then q~aY(a)= 6~a(a)~ I for all i <j. It follows from our assumptions 
on I and q that 3~(a) ~ I for all i <j,  and so a elj .  Therefore a -  l(lj) = lj for 
all.]', and likewise a - I ( J )= J .  II 
In the proof of the next lemma, we proceed in parallel with 1-20, 
Proposition 1.1 ]. 
LEMMA 6.4. Let (a, 6, q) be a q-skew derivation on rhzg R, with a an 
atttomorphism. Let I be an ideal of R such that a(1) = I and I is a-prhne, and 
assume that q~ + q~- t + ... +16 l for all i=0,  1 ..... I f  
J=  {r~ R l 3i(r)6 l for all i=O, 1 .... }, 
then a(J) = J and J is a a-prhne (a, 6)-Meal of R. Thus if I is mhdmal among 
a-prhne ideals of R, it must be a (a, 6)-ideal. 
Proof If q~L then J (R )=6a(R)=qa6(R)~L  in which case I is a 
(a, 6)-ideal and there is nothing to prove. Therefore we may assume that 
q6- L Then qR is a e-ideal not contained in L and so since I is e-prime it 
follows that qe~( l ) .  Likewise, q l+q~-t+ ... + 1 ~c6,(i)for all i>~0, and 
hence (,~,)q e c~(1) for all n >/m >/- 0. 
By Lemma 6.3, J is a (a, 3)-ideai and a- I ( J )= J ,  whence a ( J )= J .  
To prove that J is e-prime, we verify the criterion given in Lemma 2.1(a). 
Given elements a', c'e R- - J ,  choose nonnegative integers m, n minimal 
such that 6"(a') and 6"(c') are not in L Since I is e-prime, there exist b' 9 R 
and teZ  such that 6m(a')b'a'3"(c')6-L Set a=a-" (a ' )  and b=a-" (b ' )  
while c= a'(c'). Then 
q"'na"3m(a)a'(b) fin(c) = 3"a"(a)an(b) fin(c) 
= q"'f ' (a')b'a'f"(e')  6- I, 
whence a"6"'(a)a"(b)6"(e)6-L Since e - l ( / )=  I and j i(a')=qi"a"6i(a) for 
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all i~>0, we see that 6~(a)eI for all i<m,  and similarly 6J(c)el'for all 
j '~ n. 
"Now expand 
6 m + "(abe) = "'~" (m+n)  o.,,,+,_~61(ab)6,,,+,_i(c) 
i-o i q 
• (,) . . . .  
i=o j=o i /q j q o'"'+"-'(o''-jbj(a) 6~-j(b))6m+"-i(c) 
(;) 
i=o /=ok  i /q j q 
x a"+"-Jbl(a)o."'+"-~bi-J(b) 6"+"-i(c). 
For i>m we have m+n- i<n and so 6"+"-~(c)~L For i~<m and j<m 
we have 6J(a) ~ I and so o-"'+"-/3J(a) ~ L Hence, 
6, ,+, (abc)_ (m+n]  (m]  o..6m(a)o.n(b)6n(c ) 
=\  m ,/qkm/q 
(mod I). 
Since o."6"(a)o."(b) 6"(c) r I and the q-binomial coefficients are all in ~(I) ,  
we conclude that 6m+"(abc)r and so abcCJ. 
Thus a'b'a"+'(c')=o."(abc)(~J, and therefore J is a-prime. The final 
statemerit of the lemma is clear. I 
PROPOSITION 6.5. Let (o.,6, q) be a q-skew derivation oll a right 
noetherian ring R, with o. an atttomorphism. Assmne that R is (0., 6)-prhne, 
and that qi + q,- t + ... + 1 ~ 0 for all i = O, 1 ..... Then R is o.-prhne. 
Proof Set C={qJ+q~-~+. . .+ l l i=O, I  .... }. Each c~Cis  a nonzero 
central (0., 6)-constant, whence cR is a nonzero (0., 6)-ideal. Since R is 
(0., 6)-prime, such ideals must have zero annihilator, and hence C_C6'(0). 
Thus if N is the prime radical of R, we obtain C~C#(N) (e.g., 1-21, 
Lemma 10.8] or [37, Proposition 4.1.3]), and so C~_cC(P) for all minimal 
primes P (e.g., [21, Proposition 6.5] or [37, Proposition 3.2.4]). 
Partition the minimal primes of R into disjoint a-orbits / / l  ..... / / , ,  and 
for j=  1 ..... n set l j= c~llj. Then Ii ..... I,, are a-prime ideals of R and 
Ii c~ ... c~ I,, = N. In particular, C is disjoint from each Ij, and Ii c~ ...  c~ I,, 
is nilpotent. Now set 
J j= {r~Rl6 i ( r )E l / fora l l  i=0 ,  1 .... } 
for all j. By Lemma 6.4, each Jj is a o.-prime (a, 6)-ideal of R. Since 
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J,c~ .--c~J,, is nilpotent and R is (a, 6)-prime, we conclude that some 
J j=0.  Therefore R is a-prime. | 
A special case of Proposition 6.5 (with q= I and R assumed 6-prime) 
was obtained by Kamal 1-32, Corollary 5.11]. 
We now obtain the following general statement for contractions of prime 
ideals in noetherian skew polynomial rings. The non-q-skew part of the 
statement was proved by Bell in the case that Pc~ R is a (a, 6)-ideal I-4, 
Corollary 6.2]; his proof works in the more general situation, and we have 
merely rearranged his argument slightly. 
THEOREM 6.6. Let T= R[O; a, 6] where R is right noetherian and a is an 
atttomorphism. Let P be a prhne ideal of T, let H be the largest (a, 3)-ideal 
of R contahled hz P n R, and let N be the prhne radical of H. Then N is 
a-prhne and ~R(H)= ~R(N). Moreorer, if (a, 6, q) is a q-skew deriration 
and ql + ql- t + ... + 1 r H for all i = O, 1 ..... then H itself is a-prhne. 
Proof. Without loss of generality, H=0.  If A and B are any nonzero 
(a, ~5)-ideals of R, then TA and BT are nonzero ideals of T, and TA, 
BT ~ P because A, B ~t PnR.  Hence, TABT ~ P and so AB#O.  There- 
fore R is (a, 3)-prime, and the desired conclusions follow from Theorem 2.3 
and Proposition 6.5. I 
We can in particular use Theorem 6.6 to see that in the q-skew case of 
Theorem 3.1, ifq is not a root of unity modulo I then only cases (a)(i) and 
(b) occur. 
COROLLARY 6.7. Let T= RIO; a, 6] where R is commutatire noetherian, 
a is an automorphism, and (a, 6, q) is a q-skew derivation. Let P be a prhne 
Meal of T, attd set I= P c~ R. I f  q ~ + q~- ' + ... + 1 r I for all i = O, 1 ..... then 
either I is a a-prhne (a, 6)-ideal or I is a prhne ideal and a(1) # L 
Proof. If I is a (a, 6)-ideal, Theorem 6.6 shows that I is a-prime. 
Otherwise, Theorem 3.1 says that I is prime and a( I )#L  | 
7. COMMUTATIVE ARTINIAN COEFFICIENTS 
Returning to our consideration of prime ideals in T= R[O; a, 6] when R 
is commutative noetherian and a is an automorphism, we look further at 
case (a) of Theorem 3.1, since that is the case in which it is possible for 
more than one prime of T to contract o the same ideal I in R. Thus, we 
start with a (a, 6)-prime ideal I of R, and we ask for a description of the 
primes of T that contract o L The first step is of course to factor I out and 
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then localize. Namely, let RI be the classical quotient ring of R/I, let 
TI = R~ [0; a, b], and let ~b: T~ T~ be the natural map. Then 
{P~Spec(T) IPnR=I}  
= {~b-I(P~)I P~ E Spec(T,) and Pt c~ R~ =0}. 
Moreover, R~ is artinian by Theorem 2.3. 
Thus we may now assume that we are dealing with an artinian coefficient 
ring R, and we look for the primes of T that contract o zero in R. We 
approach this by trying to represent T as "a ring of matrices. In view of 
Theorem 2.6, there are two cases to consider. In the first case, R is a-prime, 
and here we can represent T in terms of matrices over a skew polynomial 
ring over a field. (While a description of the primes of 7" can in this case 
be obtained irectly from [24, Theorems 4.3, 4.4], the matrix description of 
T helps to clarify the picture.) In the second case, R is b-prime with a 
unique associated prime, which contains (1 -a ) (R) .  As R is artinian, it 
must actually be local and b-simple. Here we extend the analysis given in 
Proposition 4.6 and show that in fairly wide circumstances T-must be 
isomorphic to a full matrix ring over an ordinary differential operator ing 
over a field; in fact we have no examples where this fails to happen. 
For the a-prime case we extract the following general result from a 
theorem of Jategaonkar [27, Theorem 2.1(a)]. 
PROPOSI'/'ION 7.1. Let a be an ataomorphism of a rhtg R, and assume 
that R contahts orthogonal central idempotents f l  ..... f ,  such that f l  + ... + 
f ,  = 1 and a(fl) =fi+ 1 for i = 1 .... , n - 1 while a(f , )  =f l .  Let S denote the 
rhlg Rfl ,  and let r be the atttontorphism a ' ls  on S. Set U= S[O'; 3] attd 
V= {v ~ M, (U)  I roe O'U for all i <j}. 
Then there exists an isomorphism of R[O; a] onto V which maps R onto the 
subrhtg of diagonal matrices with entries from S. 
Proof Set T= R[O; a]. Since there is nothing to prove if n = 1, assume 
that n > 1. 
Note that the restrictions of a to the rings Rf~ give ring isomorphisms 
Rf  , --, l~f ~--, . . .  --, R fo - ,  RU,, 
the composition of which is r. Hence, there is no loss of generality in 
assuming that R = S" and that 
a(s~ ... . .  s . )  = ( r ( s . ) ,  s~, s2 . . . . .  s . _  ,)  
for all (sl ..... s.) E R. 
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Let q~: R -~ M,,(U) be the diagonal  embedding, that is, \{,o, o o) 
s2 -..  0 0 
~b(s, .... , s . )=  | " 
0 "'" s , , _ l  0 
0 ... 0 s . /  
for all (s~ ..... s . )  9 R. Set (!oo oo!) 
0 0 - - - 0 0  
z= 1 0 . . .  0 0 
0 0 --- 0 1 
~M.(U), 
and check that z(~(r)=~ba(r)z for all rER. Thus ~b extends to 
homomorph ism T--. M.(U) such that ~b(0) = z. 
In terms of  the standard matrix un'its e~je M.(U),  we have 
z=O'e~.+e2~ "]'- e32 -t-- "-- +e  . . . .  i 9 
For  m = 2 ..... n - 1, it follows that 
a ring 
z"=O'(el . . . . .  +1+e2 . . . . . .  +z+ "'" + e,. .)  
+ (em+l.i +e.,+2,2+ .... +e . . . . .  ), 
while z"=O' (e t l+e22+. . .+e . . ) .  From this we conclude that 
injective, and that r  V. | 
is 
COROLLARY 7.29 Let 7"= RIO; tr, 6] where R is cmnmutative arthffan 
a-prime, a is an automorphism, and a ~ 1. Set S = Rf  where f is a primitive 
idempotent in R, and let n be the least positive htteger such that an( f )=f  
(This exists because R is a-prhne). Let ~ be the atttomorphism a"Is on S, and 
set U = S[ O' ; r] and 
V= {ve M.(U)  [ vijeO'U for all i <j}. 
Then there exists an isomorphisnl of T onto V which maps R onto the subrblg 
of diagonal matrices with entries from S. 
Proof Since 61s inner by Lemma 3.7, we may assume that 6 =0.  Note 
that f ,  a( f )  ..... a " -~( f )  are distinct primitive idempotents,  and hence they 
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are orthogonal. By o-primeness, f+  a ( f )  + . . .  + o ~-  t ( f )  = 1. Therefore 
the corollary follows from Proposit ion 7.1. II 
In the situation of Corol lary 7.2, the primes of V that contract to zero in 
the image of R are the ideals PV where P is a prime of U not containing 
0'. Thus finding the primes of T reduces to finding the primes of U, which 
was done by Irving in [24]. In case r has infinite order, the only primes 
of U are 0 and O'U [24, Theorem 4.3]. In case r has finite order m, the 
primes of U correspond to the primes of the polynomial ring S~[ (0 ' ) ' ] ,  
where S" is the subfield of elements of S fixed by x [24, Theorem 4.4]. 
We now turn to the case of a commutat ive artinian local 6-simple 
coefficient ring. Here q-skew derivations enter in, and we require some 
computat ions with q-binomial coefficients. 
LEMMA 7.3. Let  q be a central element hl a rhzg R, and let s > 1 be an 
integer. Assume that qS- l + q~- 2 + . . .  + 1 = 0 while q~- l + q~- 2 + . . .  + 1 
is a non-zero-divisor fo r  i = 1 ..... s - I. Then (~)q = Of  of  all i = 1 ..... s - 1 and 
(~"-' l )q = 0 fo r  all hztegers m >1 s - 1 such that m ~ - 1 (mod s).. 
Proof  Set f ( i )=q~- l+qt -2+. . .+ l  for all i>0 .  For  i=1  ..... s - l ,  
we observe that 
(s) 
f ( i ) f ( i - - l ) . . . f (1 )  i =f (s ) f ( s - - l ) . . . f ( s - - i+ l )=O,  
whence (~)q = 0 (because f ( i ) ,  f ( i -  1 ) ..... f ( l  ) are non-zero-divisors). 
We next claim that f (ns )=0 for all n>0.  To see this, choose an 
indeterminate x, and note that in the polynomial ring 2V[x], we have 
(x -  l ) (x  "~- '  +x"~-2  + . . .  + I) 
=x" ' - -  1 = (x s -  1)(x~"-I) '  + ~,-2)~ + ... + 1) 
=(x - -  l ) (x ~-~ +x ' -2+ --- + l ) (x tn - - l ) s+x ln - -2 l s+ . . .  + 1), 
whence x s -  L + x ~- 2 + . .. + 1 divides x" ' -  1 + x , , -  2 + ... + 1. Hence, f ( s )  
divides f (ns )  in R, and so f (ns )= 0, as claimed. 
Now consider any m >1 s -  I such that m ~ -1  (mods) .  Then 
m=ns+j  for some n>0 and some je{0 ,1  ..... s -2} .  Consequently, 
nse  {m,m-  1 ..... m-s+2}.  Thus 
( m ) =f (m) f (m- - l ) . . . f (m- -s+2)=O f (s - -  l ) f ( s - -2 ) - - - f (1 )  ks - -  1 q 
(becausef (ns )=0) ,  and therefore (s_ ' l )q=0.  II 
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LEMMA 7.4. Let R be a rhlg with a q-skew derivation (a, iS, q), and sup- 
pose that there exists a central element x~ R such that a(x)=qx while 
a(x) = 1. 7"hen 
~'= ~ q'('-1'/2(q--l)'('l~ x'6' 
i : o  \Z/q 
for all n = 1, 2 ..... 
Proof. For  all r E R, observe that 
a(r) + ~(r)x = ~(rx) = r = qx3(r) + r, 
whence a(r) + (q - 1 )xtS(r). Thus a = 1 + (q - 1 )x6, which gives the desired 
formula in case n = 1. 
Now assume that the formula holds for some n. For  i>0 ,  it follows from 
Lemma 1.1 that 
6(x')  = (q,-i +q,-2 + ... + l )x ' - ' ,  
and so (q -  1 )x6(xlr) = (q - l)q~x ~+ ~6(r) + (q~- l)x~r for all r e R. This 
equation holds when i=0 as well. Using Lemma 6.1(c), we conclude that 
a"+l  = (1 +(q- - l )x f )a  ~ 
= ~ qm-"/Z(q- - l ) i (n)x '6 '  
i=o i q 
+ ~. qi(i-l'/2(q--l)'(n) [(q--l)q'xi+ltS'+'+(q'--l)x'3 i] 
i=0  i q 
=~,,qiti-t]/2(q--1)t(n) qi~ciji 
,=o i ,, 
+ ~ q(,+ll,,2(q__ 1)i+1 (11) x,+l , l .+ l  
I=0  i q 
=I+,=~ qg'-l'/2(q--l)'[q'(n)q+(i i--l" ) 
+ q(n+ I)n/2(q_ 1)"+ IXn+ 13"+ I
(+i) = ~ q i ( i _ l ) /2 (q_ l )  i n 1 xi~j ' i=0  q 
which completes the induction step. II 
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PROPOSITION 7.5. Let T= R[O; a, 6] and suppose there exist centra l  
elements q, x e R such that 6(q) = 0 and 6(x)  = I while a(x)  = qx and x s = 0 
for  some htteger s> l .  Assume that q , - i+qS-2+. . .+ l=O while 
q~- l + q~- 2 + .. . +1 is a unit fo r  i = l .... , s - -  l. Then a s is the identity, 6" 
is an ordinary derivation leavhtg xR  hwariant, and 
T'~ Ms((R/xR)[O' ;  6 s] ). 
Proof  As in Lemma 7.4, a = 1 + (q -  l)x6. In particular, from 6(q) = 0 
we get a(q)= q. Also, 
6a = 6 + (q -- 1 )[qx6 2 + 6] = q6 + q(q -- 1 )x6 2 = qa6, 
and thus (a, 6, q) is a q-skew derivation. 
By Lemma 7.3, (~)q  = 0 for all i=  1 ..... s -1 ,  and so Lemma 7.4 shows 
that aS= I. Also, using Lemma 6.2 we see that 6 ~ is a derivation and that 
O'r = rO ~ + 6"(r) for all r e R. Since s >/2, we have 6"(x) = 0, and hence 
~S(xR) c_ xR.  
Since OSr = rO' + 6S(r) for all r e R, the set 
U= ~ RO "s 
, ' i=O ' 
is a subring of T and U~R[O' ; f s ] .  We also have 6S(x)=O, whence x is 
central in U and U]xU~-(R]xR)[O' ;  6s]. Hence, it suffices to show that 
T'~ AIs(UlxU). 
Set e=6s--l(xs-l). Using the formula for 6(M) in Lemma 1.1, we find 
that 
c=(q ' -Z  +q ' -3  + . . .  + l ) (q ' -3  + . . .  + l ) . . . (q+ l ) ( l ) ,  
which is a central unit as well as a (a, di)-constant. Hence, if y= c -~x  `- t  
then 6s -~(y)= 1. Note that 610, )~xR for all i<~s-2 .  
Obviously ),x = 0. On the other hand, given r e R such that yr  = 0, we 
see by expanding the equation 6s-~(yr )=O and invoking the previous 
paragraph that rexR.  Thus  annR(y)=xR.  Now if reR  and Mrex~+~R 
for some i<s ,  then after multiplying by c -~x " - t -~  we obtain y r=0 and so 
r e xR.  Therefore 
x~R/x I+ IR ~- R /xR  ~- yR  
for all i = 0 ..... s - 1. 
We next expand 
O,-,y='~'(s-l) 
i=o i q 
ffs--1-1~1(y)OS-- l--i 
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Since a' -~-~6i(k , )exR for /<s - - l ,  and since 6~-~(y)=l ,  we obtain 
y0 ' -  ~y =y.  Thus the element e - -y0" -  ~ is an idempotent such that yT= eT. 
For i = 0, ..~, s -  1, we have 
x~T/x ~+ ~T~- (x~R/x ~+ ~ R) |  T-~ )'R | T-~ yT= eT, 
whence Tr-~ (eT)" and so T~ M,(eTe). Consequently, it will be enough to 
show that eTe ~ U/xU. 
Since x is central in U, so is y. Hence, Ue=)'UO ~-~ and so Ue=eUe. 
Thus Ue is a subring of eTe and the rule t$~-+tte provides a ring 
homomorphism of U onto Ue. For u c U, observe that ue = 0 if and only 
if yltO s-! ~-0, if and only if yu=0,  if and only if u~xU (because 
annR(y)=xR) .  Therefore U/xU_~Ue (as rings), and we will be done 
provided Ue = eTe. 
We approach this by showing that y0"e E Ue for all m >/0. If m = ns -  1 
for some n > 0, then since ), commutes with 0 s we obtain 
yO"e =3'0 ("- ~'0"- le = 0 ("- ~)'3"0"- ~e = 0 ~"- ~)'e 2= 0 on- ~)Se ~ Ue. 
Now suppose that m ~ - 1 (mod s)o and consider the equation 
On,,: 
/=O k` i]q 
We have di i() ,)-0 for i>s -1  and am- i6 i ( ) ' )exR for i<s -1 ,  while if 
m~>s- l ,  Lemma7.3 shows that (,"__'l)q=0. Thus O' ) ,~xT  and so 
y0"y = 0, whence y0"e = 0. This establishes the claim. As a result, 
eTe~_),Te= ~ RyO"'e~_Ue, 
m=0 
and therefore Ue= eTe as desired. | 
In the case s = 2 of Proposition 7.5, slightly weaker hypotheses suffice, as 
follows. For an analogous result in the context of 7/2-graded algebras, with 
9 the element x being supercentral rather than central, see I'9, Lemma 1.5]. 
COROLLARY 7.6. Let T= R[O; tr, 6] and suppose there exists a central 
dement x e R such that x 2 = 0 and 6(x) = I. Then a 2 is the identiO', 62 is an 
ordinary derivation leaving xR hwariant, and T~-M2((R/xR)[O';  32]). 
Proof Observe that O=6(x2)=a(x)+x,  whence a (x )=-x .  Thus if 
q = - l and s = 2, the hypotheses of Proposition 7.5 are satisfied. | 
Proposition 7.5-and Corollary 7.6 can be used to give examples in 
characteristic zero of an interesting homological phenomenon which has 
48 U150,'2-8 
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previously been observed only in positive characteristic, namel'y the 
existence of ring extensions R___ T such that T is a free R-module on each 
side, and R is a direct summand of T as a right or left R-module, yet 
gl.dim(T)<gl.dim(R). The original example (see [18, p. 317] or [37, 
Example7.2.7]) is a differential operator ring T=R[O;g] where 
R = k[x]/x2k[x] for a field k of characteristic 2 and g = d/dx. 
The construction carries over to the corresponding q-skew differential 
operator ing in characteristic zero, or in fact in any characteristic. Choose 
a field k, and choose an indeterminate z. Let a be the k-algebra 
automorphism of k[z] such that a(z )=' -z ,  and let g be the k-linear 
a-derivation on k[z] such that g (z )= l .  Then (a,g,- -1) is a q-skew 
derivation on k[z]. Moreover, g(z 2) = a(z)+ z = 0, and so (a, g) induces a 
q-skew derivation on the ring R = k[z]/z2k[z]. If x denotes the coset of z 
in R, then a (x )= -x  and g(x)= 1. Observe that R/xR_~k, and that g2=O 
on R. Now if T= R[O; a, g], Corollary7.6 shows that T~M2(k[O']). 
Therefore gl.dim(T)= 1 even though gl.dim(R) = or. 
After seeing this example, Bell pointed out a simpler one, namely the 
embedding of k[z]/z2k[z] into M2(k) where z,-*(o ~~). His example is 
actually a quotient of ours: in the notation above, 02 is central in T and 
T/O2T_~ Ms(k). 
Using Proposition 7.5, similar examples can be constructed resulting in 
larger matrix rings. Namely, if k contains a primitive nth root of unity q, 
use the automorphism a of k[z] such that a(z)=qz, and use 
R=k[z]'/z"k[z]. In this case, T~-M,,(k[O']). (See Theorem 8.6.) 
THEOREM 7.7. Let T= R[O; a, 6] where a is an atttomorphism and R is 
commutative, arthlian, local, and g-shnple, with maxhnal ideal M. Suppose 
there exist q ~ R and xe  M such that g(q) = 0 and g(x) ~ M while a(x) = qx. 
Then there exists a derivation g' on R/M such that T'-~M,((R/M)[O'; g']), 
where t = length(R). Moreover, if char(R/M) = 0 then M = xR and t equals 
the index of nilpotence of x. 
Proof Since we may replace g by g(x)-16, there is no loss of generality 
in assuming that g(x)= 1. 
We proceed by induction on t, the first case being t = 2. Then M= xR 
and x2= 0, and the desired conclusions are given by Corollary 7.6. 
Now let t>2 and assume the theorem holds for coefficient rings of 
length less than t. Note that the ideal generated by any g-constant in R is 
a g-ideal, whence by g-simplicity all nonzero g-constants in R are units. 
Let s be the index of nilpotence of x. By Lemma 1.1, 
O=g(x s)= (qS-I +qS-2+ ... + 1)x ~-1, 
whence qS-,+q,-2+ ... +1 is not a unit and so q~-l+q,-2+ ... + I =0. 
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On the other hand, for i=  1 ..... s - -  ! the element x; is a nonzero non-unit 
and so 
0r  (qi-i +qi-2 + ... + l ) x ; - I .  
Then qi-~ +q l -2+ .. .  + 1 :/:0, whence q ; -~+q; -2+ ... + I is a unit. 
Proposit ion 7.5 now shows that T~Ms((R/xR)[O";6"]) for some 
derivation 6" on R/xR. Since if M = xR we are done, suppose that M > xR. 
In the proof of Proposit ion 7.5 we saw that x~R/x ~+~R~- R/xR for all 
i = 0 ..... s - 1, and so if r = length(R/xR) then rs = t. 
By Proposit ion 3.3, T is a prime ring, and hence so is (R/xR)[O"; 6"], 
from which it follows that R/xR is 6"-prime [31, Lemma 1.3]. Then R/xR 
has no nonzero nilpotent 6"-ideals, whence R/xR is actually 6"-simple. 
Since M/xR4:O, there exists zeM/xR such that 6"(z)r By our 
induction hypothesis, 
(R/xR)[0"; 6"] ~ M,((R/M)[O'; 6']) 
for some derivation 6' on R/M, and therefore T~-M,((R/M)[O'; 6']) .  
Finally, if m is the index of nilpotence of z, then 0 = 6"(z"') = mz .... 16"(z) 
and so mz' -  ~ = 0, whence m- 1 e M/xR. Thus M, can differ from xR only 
in case char(R/M)> 0. This completes the induction step. II 
In the situation of Theorem 7.7, all primes of T contract to zero in R. 
Given the isomorphism of the theorem, the primes of T correspond to the 
primes of the differential operator ring U= (R/M)[O';6']. If U is not 
simple, then by Theorem 4.3, U is a finitely generated module over its 
center. Since U is a principal ideal domain, the nonzero primes of U 
correspond to the irreducible elements of its center. 
In both Proposit ion 7.5 and Theorem 7.7, our hypotheses imply that the 
given skew derivation must be a q-skew derivation. We now reverse direc- 
tion and show that q-skew derivations lead to the setup of Theorem 7.7. 
COROLLARY 7.8. Let T= RIO; tr, 6] where tr is an ataomorphism and R 
is commutative, artinian, local, and f-simple, with maximal ideal M. Assume 
that (tr, 6, q) is a q-skew derivation, and that (1- - t r ) (R)~_M. Then there 
exists a derivation 6' on RIM such that T~M,((R/M)[O';6']), where 
t = length(R). 
Proof If M= 0, then tr = 1 and the conclusion is clear. Thus we may 
assume that M :/: 0, and then t >~ 2. As R is 6-simple, 6 -~ 0, whence &r -~ 0 
and so q r Another application of 6-simplicity now shows that q is a 
unit. 
Define Mo, Mr, . . .  as in Lemma4.4,  and note from Lemma6.3  that 
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each Mj is a a-ideal. As in the proof of Proposition4.6, M,='0 and 
MflMj+ l "~ RIM for all j=  0 ..... t -  1; moreover, there exists z ~ M,_ 1 
such that ` 5'-~(z)= 1 (mod M). Since M,_ t=Rz and M,_l is a a-ideal, 
a(z)=az for some ae R. 
Now observe that 
qt-latS'-~(z)=`5'-la(z)=`5'-~(az)=t~ ( t -  l)  a'-~-i`5i(a)`5,-I-J(z). 
i=o i q 
Since ,5'- i - i(z) e M for all i > 0, and since- 6 ' -  l(z) = I (mod M), we obtain 
q' - l=a' - I (a)  (modM).  On the other hand, a ' - J (a )=a (modM),  
because (1 -a ) (R)_M.  Hence, a-q  '-1 (modM). Since 3tz=0,  we 
obtain a(z) = q ' -  lz. 
Finally, set x = ` 5'- 2(z). Then x ~ M and ` 5(x) ~ 3/. Since 
q,- 2a(x) = q,- z a 6, - 2(z ) = ` 5,- 2a(z) = ` 5,- 2(q,- lz) = q,-  ix, 
we have a(x)=qx.  The desired conclusion is now given by 
Theorem 7.7. II 
We conjecture that Corollary 7.8 remains valid even without the assump- 
tion that (a, ` 5) is a q-skew derivation. However, our method of proof--via 
Theorem 7.7--cannot be used in general,' since there need not exist q e R 
and x eM satisfying the hypotheses of Theorem 7.7, as the following 
example shows. 
EXAMPLE 7.9. There is a commutative artinian local ring R with maxi- 
mal ideal 3t  and a skew derivation (a, ` 5) such that 
(a) a is an automorphism and ( l -a ) (R)~_M.  
(b) R is `5-simple. 
(c) There do not exist q e R and x E M with ` 5(q)= 0 and ` 5(x)~ M 
while a(x) = qx. 
Proof. Choose a field k of characteristic p >/3. Let z be an indeterminate, 
let a be the k-algebra emlomorphism of k[z] such that a(z) = z + z 2, and let 
`5 be the k-linear a-derivation on k[z] such that ` 5(z)= 1. By Lemma 1.1, 
p- - I  p - - I  
(:5( zv)= E a(z) ' zv -~-s=zv- '  Z ( l+z) ' ,  
I - -0 i=0  
which lies in zVk[z] because of characteristic p. Thus zPk[z] is a 
(a, ` 5)-ideal of k[z], and so (a, ` 5) induces a skew derivation on the ring 
R=k[z]/z.Pk[z]. It is clear that R is commutative artinian local with 
maximal ideal yR, where y denotes the coset of z in R. 
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(a) Since R=kO)yR and a() , )eyR,  we have (1 -a ) (R)~_M.  Also, 
a(),") = y ( l  + y)" for all i = I ..... p -  1, from which it follows that a is an 
automorphism on R. 
(b) The ideals of R are R, yR, ),2R ..... yPR = 0. For m = 1 ..... p -  I, 
Lemma 1.1 shows that 
m--  1 
,~(>") =>"- ~ E (l +>,)', 
i=0  
and since x~ .... J (1 +),)~ is a unit, y "R  is not a 6-ideal. Thus R is 6-simple. g-.-,i-- 0 
(c) From the formulas for 6(y")  in the previous paragraph, we see 
that ker ( f )=k .  Hence if there exist qeR and xeM with the given 
properties, we must have q 9 k and 
x=al) ,+a2),2 + ... +ap_l),p -I 
for some a~Ek, with a~ ::0. Then 
p-- I  p-- I  
qa~), '=qx=a(x)= ~ aiy ' ( l  +y) ' ,  
i=1 i=1 
whence qa~ =a~ and qa2=al+a2. However, since a~-r these equations 
are incompatible. Therefore there do not exist q,x with the given 
properties. II 
The skew polynomial rings T=R[O;tr, 6] constructed from R,a,~5 
as in Example 7.9 do not seem to contradict he conjecture above. In case 
p = 3, it can be shown that 03-  02 is central in T and that the idealizer 
of yT  is yT+k[O 3-02], whence Proposition4.6(a) shows that 
T~ M3(k[O 3 - 02]). Similarly, if p = 5 then T~ Ms(k[O s - 203 - 402]). 
8. QUANTIZED WEYL ALGEBRAS 
In this section we analyze prime ideals and prime factors in quantized 
Weyl algebras, concentrating on the case in which the coefficient ring is a 
field and the quantization is nontrivial. 
DEFINITION. Let S be a ring and q a central unit in S. The quantized 
IVe),l algebra A~(S, q) is the ring generated by S together with two 
additional elements x and y such that 
(a) x and y J:ommute with all elements of S; 
(b) xy -  qyx = 1. 
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Clearly At (S ,q )  is isomorphic to a skew polynomial ring S lY ] Ix ;a ,  6] 
where a is the automorphism of S [y ]  such that a = 1 on S and a(y) = qy, 
while 6 is the (unique) S-linear a-derivation on S[y ]  such that diO, ) = 1. 
(We restrict q to be a central unit of S in order that a will be an 
automorphism.) 
When viewing ,41 (S, q) as a skew polynomial ring, we prefer to use x for 
the initial polynomial variable and 0 for the skew polynomial variable. 
Thus throughout this section we shall write our quantized Weyl algebras in 
the form 
At(S ,  q )=S[x] [O;  a, 6], 
where a= 1 and 6=0 on S, while a(x)=qx and 6(x)= I. This skew 
derivation 6 can be described explicitly in the following manner: 
6( f )  = - -  
a ( f ) - - f  f (qx) - - f (x )  
qx - x qx - x 
for all fe  S ix ] .  (To see this, either check that the given formula defines a 
a-derivation sending x to 1, or take the existence of 6 from Lemma 1.2 and 
then apply Lemma 2.4(a).) The operator 
fv_ J (qx)  - - f (x )  
qx -- x 
is sometimes called the q-difference operator. It was introduced in the case 
S= l~ in 1908 by Rev. F. H. Jackson [26]. 
LEMMA 8.1. Let At (S ,  q) = S[x][O;  a, 6]. Then 3(x ' )  = (qr~--t + 
q,,--2 + .. .  + 1 )X m- t for  all m = 1, 2 ..... and consequently 6a = qa6. 
Proof  The formula for 6(x ' )  is immediate from Lemma 1.I, and then 
it is clear that 6a(x ' )= qa6(x ' )  for all m. Since a and 6 are S-linear, we 
conclude that 6a=qa6.  | 
PROPOSITION 8.2. Let T= A 1 ( S, q) = S ix ]  [0; a, 3], and set u = Ox - xO 
=(q-  l )x0+ 1. Then u is a normal element ht T. I f  q -  1 is a unit ht S, then 
T/uT_~ S ix ,  x - l ] .  
Proof  (cf. [3, Lemma 2.2]). As is easily verified, ux = qxu and 0u = quO, 
from which it follows that uT= Ttt. Now assume that q -  1 is a unit. In the 
Laurent polynomial ring S[x ,  x- t  l, observe that 
((1 - -q )L tx - t )x=( l  _q) - t  =q(1 _q) - t  + 1 = qx((l - -q ) - tX - I )  + I. 
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Hence, the inclusion map S[,x] ~ S[x, x -~] extends (uniquely) to a ring 
homomorphism ~:T-+ Six,  x -~ ] such that ~b(0)= (1 -q ) -~x  -~. Clearly ~b 
is surjective and ~(it)=0. An obvious induction with respect o degree in 
0 establishes that 
T= T~(S[x ]  + S0+ S02 +...) 
as abelian groups. Since (S[-x] + SO + SO 2 + ...) c~ ker(~) = 0, we conclude 
that ker(~b) = uT. Therefore T]uT ~- SEx, x -  i]. | 
Proposition 8.2 shows that quantized Weyl algebras generally have a far 
richer ideal structure than ordinary Weyl algebras. In particular, they have 
higher Krull and global dimensions, as follows. 
PROPOSITION 8.3. Let T = A i (k, q) where k is a field. I f  q ~ 1, then the 
left and right Krull dimensions of T, the classical Krull dimension of T, and 
the global dimension of T are all equal to 2. 
Proof Note that T is a domain. By Proposition 8.2, there is a nonzero 
normal element u~ T such that T/uT~-k[x ,x - I ] ,  which is a domain of 
Krull dimension 1. Thus cI.K.dim(T)1> 2. On the other hand, 
r.K.dim(T) ~ r.K.dim(k[x]) +'1 = 2 
by [-37, Proposition 6.5.4]. Therefore 
r.K.dim(T) = cl.K.dim(T) = 2, 
and similarly l.K.dim(T)= 2. Since hereditary noetherian prime rings have 
Krull dimension at most 1 (e.g., [37, Corollary6.2.8]), T cannot be 
hereditary. On the other hand, 
gl.dim(T) ~< gl.dim(k[,x]) + 1 = 2 
by [37, Theorem 7.5.3]. Therefore gl.dim(T)=2. II 
THEOREM 8.4. Let T=Al(k ,q)=kEx]EO;a,  6] where k is a field. 
Assume that q ~ 1 attd that q is not a root of unity. 
(a) Ever), nonzero prhne ideal of T contahzs the normal element 
u = Ox  - -  xO.  
(b) Spee(T)= {0}u {uT+QTI Q~Spec(kEx]) and xq~Q}. 
Proof (a) See [-3, Lemma 2.2]. 
(b) Set R=.kEx]. As shown in the proof of Proposition 8.2, the 
inclusion map R o kEx, x -1] extends to a surjective ring homomorphism 
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q~: T-~ k[x, ..,(--l] such that ker(~b)= uT.  Since the primes of k[x, x - ! ]  are 
exactly the ideals Qk[x, x - l ]  where Q e Spec(R) and xr  Q, the desired 
description of Spec(T) follows. | 
COROLLARY 8.5. Let T = A~(k, q) = k[x][O; tr, 6] where k is an 
algebraically closed field, and set u= (q -  l )x0 + I. Assume that q r l and 
that q is not a root of unity. Then 
Spec(T) = {0, uT} w {(x -c t )T+(O+(q-  1) - '~- ' )T I  t rek -  {0}}. 
There are many more prime ideals in A~'(k, q) when q is a root of unity, 
since then the center is quite large. Note first that if q is a primitive nth 
root of unity for some n > 1, then 6(x") = 0 by Lemma 8.1 and so x" is cen- 
tral in A~(k, q). Moreover, it follows from Lemmas 7.3 and 6.2 that 0" is 
central as well. Thus A ~ (k, q) is a finitely generated module over the central 
subring k[x", 0"]. In fact, the center of Al(k, q) is precisely k[x", 0"] [3, 
Lemma 2.2]. (Cf. also [39, Proposition 1; 15, Theorem 2.10"].) 
TItEOREM 8.6. Let T= A l (k, q) = k[x]  [0; a, 6] where k is a field, and 
assume that q is a primitive nth root of unio, for some n> 1. 
(I) I f  PeSpec(T) attd I= Pc~k[x], then one of thefollowhlg cases 
must hoM: 
(a) I=0 .  
(b) I=Qc~o(Q)n  ... c~a"-I(Q) for some maxOnal ideal Q of 
k[x]  such that x r  Q. 
(c) l=  x"k[x]. 
(d) I is a maximal ideal o fk [x ]  and x(~ L 
(II) I f  I is an ideal of k[x]  satisfyh:g (b) or (c) above, then 
ITe  Spec(T). hi case (b) holds and k is algebraically closed, 
T/IT ~- {ve M, (k[z ] )  l vlje zk[z]for all i <j} 
for some hldetermhtate z. h: case (c), T] IT~M, (k [z ] )  for some 
indeterminate z. 
Proof We apply Theorem 3.1, with R=k[x] .  
(I) Note that since xR is a a-ideal but not a 6-ideal, Iv~xR. Thus 
x~1. 
If I is a a-prime (a, 6)-ideal, then either (a) or (b) holds, while if I is a 
prime of R and a(1)41 then (d) holds. 
Now assume that I is a 6-prime (a, 6)-ideal and that R/I has a unique 
associated prime. Since the case I=0 is covered, we may assume that I-r 
Then I is contained in a unique maximal ideal M of R, and since I is a 
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a-ideal so is M. There is only one possibility: M=xR.  Thus l~_xR and I 
contains a power of x. Since x"R is a 5-ideal (recall that 5(x") = 0) and I 
is 5-prime,'we obtain x"R ~_ L In view of Lemma 8.1, x"-~ e 5(x"')R for all 
m = 1 ..... n -1 ,  whence x" - t~ l .  Therefore I=x"R in this case, and (c) 
holds. 
(II) Suppose first that l=Qna(Q)n  ... na" - I (Q)  for some maxi- 
mal ideal Q of k [x ]  such that x~ Q. Then/ i s  a a-prime ideal, and a does 
not induce the identity on T/L By Lemma 2.5, 5(1)_ L Thus I is a a-prime 
(a, 5)-ideal, whence ITe Spec(T). 
If also k is algebraically closed, then 
l=(x- -ct )Rn(qx- -a)Rc~ ... c~(q" - Ix -a)R  
for some nonzcro ~ek.  In this case, R/I~-k ". Let f be a primitive idem- 
potent of R/s Since I is a-prime and a is k-linear, we see that ai( f ) :~f for 
all i= l ..... n - I .  The desired description of T/IT now follows from 
Corollary 7.2 (because a" = I ). 
Finally, suppose that I= x"R. Since a(x") = x" and 5(x") = 0, we see that 
I is a (a, 5)-ideal. Moreover, x" - leS(x" )R  for all m=l  .... ,n - I  (as 
above), whence R/I is 5-simple and so I is 5-prime. Thus ITeSpec(T) in 
this case also. Morcovcr, 
T/IT ~ (R/I)[O; a, 5] ~ M,(k'[z]) 
by Proposition 7,5, because 5" vanishes on R/xR. I 
Observe that if T=At(k[t ,  t-~], t) for a field k and an indeterminate , 
then for all nonzero q ek, the element t -q  is central in T and 
T/(t--q) T-~ A~(k, q). Provided k contains primitive nth roots of unity for 
all n, it follows from Theorem 8.6 that T has factor rings isomorphic to 
M,(k[z]) for each n = 1, 2, .... 
In conclusion, we mention that A~(k, q) is not the only candidate for the 
title of q-analog Weyl algebra. Several authors---e.g., [22, 23, 33] ihave  
proposcd algcbras which may be described as finite extensions of localiza- 
tions of A~(k, q)'s, in the following manner. Start with At(k, q - ' )  for some 
field k (usually C), some nonzero q e k, and some intcgcr r >i 2. Then invert 
the normal element Ox-xO, and adjoin an rth root z for (Ox-xO) -1 
satisfying zO = q-~Oz and zx = qxz. (The construction may bc startcd with 
At(k, q') instead; an isomorphic algebra results. Namely, there is an 
isomorphism of At(k,q')[z] onto At(k,q- ' ) [z]  fixing x and z and 
sending 0 to z-tO.) The case r=4 of this construction yields Hayashi's 
q-Weyl algebra .r/q ( l)  [22, p. 131], while the case r=2 yields the algebra 
Aq studied by Kirkman and Small [33, Lcmma 1.3]. The latter case, but 
with q rcplaccd by q2, also yields the algebra that Hodgcs labcls Aq [23, 
Sect. 3]. 
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